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Abstract

Pareto improving intervention may be impossible not because it does not exist, but because
it is impossible for a planner to figure out one. In this paper, we show that finite sets of market
data may not suffice for a planner to be able to design Pareto improving policies.

In an incomplete markets economy, after asset markets have closed, there typically exist Pareto-
improving asset reallocations. The question that naturally arises is: how much does a planner need
to know if he is to figure out one such asset reallocation? Existing identification results (Kubler et
al., 2002, or Carvajal and Riascos, 2004) require knowledge of the equilibrium manifold that may
be unrealistic. If the informational requirement for finding Pareto-improving policies is implausible,
market performance is not questionable on efficiency grounds.
We show here that market information in a nonstationary economy does not provide enough

information for the design of Pareto-improving policies, even when these policies are likely to exist.
When the information available is a set of prices and endowments, we prove that there may exist
multiple rationalizations in which the welfare effects of economic policy go in opposite directions.

1 Not everything will do
Consider a two-period economy with uncertainty. There are I ∈ N individuals, S ∈ N states of nature
and L ∈ N commodities, with commodity 1 as numeraire. There are A < S linearly independent
numeraire assets. Asset payoffs in state s are rs ∈ RA.
Let U be the class of all strongly concave, strictly monotone, C2 functions u : RL+ −→ R. For each

individual i, state-contingent endowments are ei =
¡
eis ∈ RL++

¢S
s=1

and state-contingent preferences

are
¡
uis ∈ U

¢S
s=1
. There is no date-zero consumption, and ex-ante preferences are U i :

¡
RL+
¢S −→

R;x = (xs)Ss=1 7→
PS

s=1 u
i
s (xs).

Let
µ
q, (ps)

S
s=1 ,

³
zi,
¡
xis
¢S
s=1

´I
i=1

¶
∈ RA × PS × ¡RA ×RLS+ ¢I

be a financial markets equi-

librium of this economy, where P =
©
p ∈ RL++ |p1 = 1

ª
. Generically in the space of economies

(Geanakoplos and Polemarchakis, 1986), there exists
¡
dzi
¢I
i=1
∈ ¡RA¢I such that PI

i=1 dz
i = 0
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and
³PS

s=1 du
i
s

´I
i=1

À 0, where
¡
duis

¢I
i=1

is the (spot) general equilibrium welfare effects re-

sulting from revenue transfer
¡
rsdz

i
¢I
i=1

at spot equilibrium
³
ps,
¡
xis
¢I
i=1

´
in exchange economy³

uis, e
i
s + rsz

i (1, 0, ..., 0)>
´I
i=1
.

For each i, there exists
¡
λis
¢S
s=0
∈ RS+1++ such that

¡
Duis

¡
xis
¢¢S

s=1
=
¡
λisps

¢S
s=1

and
PS

s=1 λ
i
srs =

λi0q, while psx
i
s = pse

i
s + rsz

i and qzi = 0.
Define bis = −duis/λis. For each s, since

PI
i=1 dz

i = 0, it follows that
PI

i=1 b
i
s = 0 and, hence, by

Donsimoni and Polemarchakis (1996), there exist an exchange economy
¡
f is ∈ U , ωis À rsz

i (1, 0, ..., 0)
¢I
i=1

and
³eps, ¡exis¢Ii=1´, such that ³eps, ¡exis¢Ii=1´ is spot equilibrium for

¡
f is, ω

i
s

¢I
i=1
, Df is

¡exis¢ = eps and,
as a consequence of revenue transfer

¡
dωi1,s = rsdz

i
¢I
i=1
,
¡
df is
¢I
i=1

=
¡
bis
¢I
i=1
.

Define
³¡euis, eeis¢Ss=1´Ii=1 by euis : RL+ −→ R;x 7→ λisf

i
s (x) and eeis = ωis − rsz

i (1, 0, ..., 0)> ∈ RL++.
By construction, epseeis+rszi = epsωis, and Deuis ¡exis¢ = λiseps. Also,Ps λ

i
srs = λi0q,

PI
i=1 exis =PI

i=1 eeis
and

PI
i=1 z

i = 0, so
µ
q, (eps)Ss=1 ,³zi, ¡exis¢Ss=1´Ii=1

¶
is financial equilibrium for

³¡euis, eeis¢Ss=1´Ii=1.
On the other hand, for each s,

PS
s=1 deuis = PS

s=1 λ
i
sdf

i
s =

PS
s=1 λ

i
sb
i
s = −

PS
s=1 λ

i
sdu

i
s/λ

i
s =

−PS
s=1 du

i
s.

It follows that, in the basic setting of the previous introduction, observation from the asset
markets does not suffice for the identification of Pareto-improving policies:

Remark 1 Let µ
q, (ps)

S
s=1 ,

³
zi,
¡
xis
¢S
s=1

´I
i=1

¶
be a financial markets equilibrium for economy

³¡
uis, e

i
s

¢S
s=1

´I
i=1

and let
¡
dzi
¢I
i=1

be such thatPI
i=1 dz

i = 0. Suppose that for each s ∈ {1, ..., S} there is i ∈ {1, ..., I} such that rsdzi 6= 0

and duis 6= 0. There exists an economy
³¡euis, eeis¢Ss=1´Ii=1 such that:

1. There exists
³eps, ¡exis¢Ii=1´Ss=1 ∈ PS × ¡RL+¢IS, such that µq, (eps)Ss=1 ,³zi, ¡exis¢Ss=1´Ii=1

¶
is

financial markets equilibrium for
³¡euis, eeis¢Ss=1´Ii=1.

2.
³PS

s=1 deuis´I
i=1

=
³
−PS

s=1 du
i
s

´I
i=1
, where

¡
deuis¢Ii=1 is the (spot) general equilibrium wel-

fare effects resulting from revenue transfer
¡
rsdz

i
¢I
i=1

at spot equilibrium
³eps, ¡exis¢Ii=1´Ss=1 in

exchange economy
¡euis, eeis + rsz

i
¢I
i=1
.

That is, for a given asset reallocation, all the information available from the markets that have
actually been open fails to distinguish the true economy from another in which the same reallocation
has the opposite welfare effects. In particular, the information does not distinguish an economy in
which the policy is Pareto-improving from one in which it is Pareto impairing.

It should be noticed that this analysis assumes that
³¡
eis
¢S
s=1

´I
i=1

is unknown. This is used

in the argument only for the purpose of satisfying nonnegativity constraints, and neither the fact
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that
³
q,
¡
zi
¢I
i=1

´
is financial equilibrium for the constructed economy nor the fact that

¡
deuis¢Ii=1 =

− ¡duis¢Ii=1 depend on the exact value of ³¡eeis¢Ss=1´Ii=1.
This basic result is subject to criticism if it is plausible to assume that a planner may have

available: (i) information from the commodity markets, in a longer history of observed data; (ii)
information of different equilibria of the economy.

2 Longer histories of data
Let Σ be a finite tree of events. Denote by ΣT the set of terminal nodes. For every σ ∈ Σ, let
F (σ) ⊆ Σ be the set containing σ and all nodes that follow σ (whether immediately or not). For
every σ ∈ Σ, let f (σ) ⊆ Σ be the set containing all immediate successors of σ. Denote by ΣT−1 the
set of pre-terminal nodes (that is, σ ∈ ΣT−1 ⇐⇒ f (σ) ⊆ ΣT ). Let σ0 be the initial node and for
every σ ∈ Σ\ {σ0}, let b (σ) denote its immediate predecessor
For each σ ∈ Σ, individual i has preferences uiσ ∈ U and endowments eiσ ∈ RL++.
At each σ ∈ Σ\ΣT , there is a finite set Aσ of one-period numeraire assets. For each σ ∈ Σ\ΣT ,

α ∈ Aσ and σ0 ∈ f (σ), rασ0 ∈ R is the return of asset α in state σ0, and rσ0 is (rασ0)α∈Aσ .
At each σ ∈ Σ, given prices of commodities and assets (pσ0)σ0∈F (σ) and (qσ0)σ0∈F (σ)\ΣT and a

portfolio z ∈ R#Ab(σ) carried from b (σ), individual i solves

max
(xσ0 )σ0∈F(σ),(zσ0 )σ0∈F(σ)\ΣT

X
σ0∈F (σ)

uiσ0 (xσ0)

st.

½ ¡∀σ0 ∈ F (σ) \ΣT ¢ : pσ0xσ0 + qσ0zσ0 ≤ pσ0e
i
σ0 + rσ0zb(σ0)¡∀σ0 ∈ F (σ) ∩ ΣT ¢ : pσ0xσ0 ≤ pσ0e

i
σ0 + rσ0zb(σ0)

where zb(σ) = z and if σ = σ0 then z = 0.
Necessary and sufficient conditions for

¡
xiσ0
¢
σ0∈F (σ) and

¡
ziσ0
¢
σ0∈F (σ)\ΣT to be a solution are that

for some
¡
λiσ0
¢
σ0∈F (σ) ∈ R

#F (σ)
++ the following conditions be satisfied:

(∀σ0 ∈ F (σ)) : Duiσ0
¡
xiσ0
¢
= λiσ0pσ0¡∀σ0 ∈ F (σ) \ΣT ¢ : λiσ0qσ0 =
X

σ00∈f(σ0)
λiσ00rσ00¡∀σ0 ∈ F (σ) \ΣT ¢ : pσ0xσ0 + qσ0zσ0 = pσ0e

i
σ0 + rσ0zb(σ0)¡∀σ0 ∈ F (σ) ∩ ΣT ¢ : pσ0xσ0 = pσ0e

i
σ0 + rσ0zb(σ0)

Theorem 1 Let
µ
(qσ)σ∈Σ\ΣT , (pσ)σ∈Σ ,

³¡
ziσ
¢
σ∈Σ\ΣT ,

¡
xiσ
¢
σ∈Σ

´I
i=1

¶
be a financial markets equi-

librium for
³¡
uiσ, e

i
σ

¢
σ∈Σ

´I
i=1
. There exist state-contingent preferences

³¡euiσ ∈ U¢σ∈Σ´Ii=1 such that:
1. Observed µ

(qσ)σ∈Σ\ΣT , (pσ)σ∈Σ ,
³¡
ziσ
¢
σ∈Σ\ΣT ,

¡
xiσ
¢
σ∈Σ

´I
i=1

¶
is a financial markets equilibrium for

³¡euiσ, eiσ¢σ∈Σ´Ii=1.
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2. For every σ ∈ ΣT−1 and every ¡dzi¢I
i=1
∈ ¡R#Aσ¢I , such that PI

i=1 dz
i = 0, it is true that

IX
i=1

X
σ0∈f(σ)

deuiσ0 = − IX
i=1

X
σ0∈f(σ)

duiσ0

and if I = 2, then, moreover X
σ0∈f(σ)

deu1σ0 , X
σ0∈f(σ)

deu2σ0
 =

− X
σ0∈f(σ)

du2σ0 ,−
X

σ0∈f(σ)
du1σ0


where

¡
duiσ0

¢I
i=1

and
¡
deuiσ0¢Ii=1 are the (spot) general equilibrium welfare effects resulting

from revenue transfer
¡
rσ0dz

i
¢I
i=1

at spot equilibrium
³
pσ0 ,

¡
xiσ0
¢I
i=1

´
in exchange economies³

uiσ0 , e
i
σ0 + rσ0z

i (1, 0, ..., 0)>
´I
i=1

and
³euiσ0 , eiσ0 + rσ0z

i (1, 0, ..., 0)>
´I
i=1
, respectively.

Proof. For each i, fix
¡
λiσ
¢
σ∈Σ ∈ R

#Σ
++ such that

(∀σ ∈ Σ) : Duiσ
¡
xiσ
¢
= λiσpσ¡∀σ ∈ Σ\ΣT ¢ : λiσqσ =
X

σ0∈f(σ)
λiσ0rσ0¡∀σ ∈ Σ\ΣT ¢ : pσxσ + qσzσ = pσe

i
σ + rσzb(σ)¡∀σ ∈ Σ ∩ ΣT ¢ : pσxσ = pσe

i
σ + rσzb(σ)

Define preferences as

euiσ (x) =
P

j∈{1,...,I}\{i}
λjσ

λiσ
uiσ (x)

To see that
µ
(qσ)σ∈Σ\ΣT , (pσ)σ∈Σ ,

³¡
ziσ
¢
σ∈Σ\ΣT ,

¡
xiσ
¢
σ∈Σ

´I
i=1

¶
is a financial markets equilib-

rium for
³¡euiσ, eiσ¢σ∈Σ´Ii=1, it suffices to let ³eλiσ´σ∈Σ = ³Pj∈{1,...,I}\{i} λ

j
σ

´
σ∈Σ
∈ R#Σ++ and observe

that (∀σ ∈ Σ) : Deuiσ ¡xiσ¢ = eλiσpσ and ¡∀σ ∈ Σ\ΣT ¢ :X
σ0∈f(σ)

eλiσ0rσ0 = X
σ0∈f(σ)

X
j∈{1,...,I}\{i}

λjσ0rσ0 =
X

j∈{1,...,I}\{i}

X
σ0∈f(σ)

λjσ0rσ0 =
X

j∈{1,...,I}\{i}
λjσqσ =

eλiσqσ
Now, fix σ ∈ ΣT−1 and ¡dzi¢I

i=1
∈ ¡R#Aσ¢I , with PI

i=1 dz
i = 0.

For each σ0 ∈ f (σ), since dpσ is the same in exchange economies
³
uiσ0 , e

i
σ0 + rσ0z

i (1, 0, ..., 0)
>´I

i=1

and
³euiσ0 , eiσ0 + rσ0z

i (1, 0, ..., 0)
>´I

i=1
, it follows that deuiσ0 = P

j∈{1,...,I}\{i} λ
j

σ0
λi
σ0

duiσ0 , which means

deuiσ0 =
ÃPI

j=1 λ
j
σ0 − λiσ0

λiσ0

!
duiσ0 =

µ
Λσ0

λiσ0
− 1
¶
duiσ0
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and, hence,
IX
i=1

deuiσ0 = Λσ0 IX
i=1

duiσ0

λiσ0
−

IX
i=1

duiσ0 = −
IX
i=1

duiσ0

(because
PI

i=1 dz
i = 0). It then follows that

IX
i=1

X
σ0∈f(σ)

deuiσ0 = X
σ0∈f(σ)

IX
i=1

deuiσ0 = − X
σ0∈f(σ)

IX
i=1

duiσ0 = −
IX
i=1

X
σ0∈f(σ)

duiσ0

In particular, if I = 2, then, euiσ0 = λ¬i
σ0

λi
σ0
uiσ0 , where ¬i ∈ {1, 2} \ {i}, and, by Roy’s identity,

duiσ0 = λiσ0
³
dpσ0

¡
eiσ0 − xiσ0

¢
+ rσ0dz

i (1, 0, ..., 0)
>´

= λiσ0
³
dpσ0

¡
x¬iσ0 − e¬iσ0

¢
+ rσ0

¡−dz¬i¢ (1, 0, ..., 0)>´
= −λ

i
σ0du

¬i
σ0

λ¬iσ0

so
P

σ00∈f(σ0) deuiσ00 =Pσ00∈f(σ0)
λ¬i
σ00

λi
σ00

duiσ00 = −
P

σ00∈f(σ0) deu¬iσ00 .
The theorem implies that even the observation of all equilibrium information at given (observed)

endowments does not allow a planner to discern between economies in which, for any policy, the
aggregate of individual welfare effects go in opposite direction. In particular, it does not distin-
guish between an economy in which a policy is Pareto-improving and another in which at least one
consumer loses. When there are only two consumers, the implication is stronger: the information
fails to distinguish an economy in which a policy is Pareto-improving and one in which it is Pareto
impairing.

Corollary 1 Suppose that for some ui ∈ U it is true that for every σ ∈ Σ, there exists πiσ ∈ R++
such that uiσ = πiσu

i. Let
µ
(qσ)σ∈Σ\ΣT , (pσ)σ∈Σ ,

³¡
ziσ
¢
σ∈Σ\ΣT ,

¡
xiσ
¢
σ∈Σ

´I
i=1

¶
be a financial mar-

kets equilibrium for
³
ui,
¡
πiσ, e

i
σ

¢
σ∈Σ

´I
i=1
. There exist preferences

¡eui ∈ U¢I
i=1

and
µ³eπiσ´

σ∈Σ

¶I
i=1

∈³
R#Σ++

´I
such that:

1. Observed µ
(qσ)σ∈Σ\ΣT , (pσ)σ∈Σ ,

³¡
ziσ
¢
σ∈Σ\ΣT ,

¡
xiσ
¢
σ∈Σ

´I
i=1

¶

is a financial markets equilibrium for
µeui,³eπiσ, eiσ´

σ∈Σ

¶I
i=1

.

2. For every σ ∈ ΣT−1 and every ¡dzi¢I
i=1
∈ ¡R#Aσ¢I , such that PI

i=1 dz
i = 0, it is true that

IX
i=1

X
σ0∈f(σ)

eπiσ0deuiσ0 = − IX
i=1

X
σ0∈f(σ)

πiσ0du
i
σ0
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where
¡
duiσ0

¢I
i=1

and
¡
deuiσ0¢Ii=1 are the (spot) general equilibrium welfare effects resulting

from revenue transfer
¡
rσ0dz

i
¢I
i=1

at spot equilibrium
³
pσ0 ,

¡
xiσ0
¢I
i=1

´
in exchange economies¡

ui, eiσ0 + rσ0z
i
¢I
i=1

and
¡eui, eiσ0 + rσ0z

i
¢I
i=1
, respectively.

Proof. Define
¡
λiσ
¢
σ∈Σ ∈ R

#Σ
++ as in the previous proof. It suffices to let eui = ui and eπiσ =P

j∈{1,...,I}\{i} λ
j
σ

λiσ
πiσ, for every σ ∈ Σ.

3 Multiple observations and rationalizability
Literature on the empirical content of theories distinguishes two problems: rationalizability (ex-
istence) and identification (uniqueness) of fundamentals consistent with observed data and theory.
Typically, theoretical work concentrates on only one of the two problems and, in particular, literature
on identification takes rationalizability for granted (e.g. Kubler et al (2002), Carvajal and Riascos
(2004)). So far we have done the same: we have assumed the existence of a profile of preferences
that explains observed data and have concentrated on finding a second profile which (i) is consistent
with the data as well, and (ii) would give welfare effects that are opposite to the ones given by the
original profile, for any policy. This is obviously a nonidentification result (i), which is stronger and
of particular interest, because of (ii), yet it still assumes rationalizability.
At the same time, the analysis so far has assumed that all the endogenous variables are observed

for a given value of endowments. The existing literature on testabiliy and identification has con-
sidered a different kind of data set: series of pairs of prices and endowments, only. We now study
the rationalizability and identification problems simultaneously: we now consider the question of
whether a data set of prices of endowments is rationalizable (is a subset of the equilibrium manifold
for some preferences) but, still, fails to identify Pareto-improving policies.

3.1 Main theorem

Back in the original two-period setting of section 1, there are L ∈ N commodities, S ∈ N states of
nature and I ∈ N individuals. State-contingent preferences are

³¡
uis ∈ U

¢S
s=1

´I
i=1

and ex-ante pref-

erences are U i =
PS

s=1 u
i
s. Let T ∈ N. A data set is a sequence

µ
qt, (pts)

S
s=1 ,

³¡
eits
¢S
s=1

´I
i=1

¶T
t=1

∈µ
RA ×PS ×

³¡
RL++

¢S´I¶T
.

Theorem 2 There exists a finite, noncontradictory system (R) of polynomial inequalities inµ
RA ×PS ×

³¡
RL++

¢S´I¶T
such that if a data set satisfies (R) then there exist preferences

³¡
uis ∈ U

¢S
s=1

´I
i=1

and
³¡euis ∈ U¢Ss=1´Ii=1

such that

1. For every t ∈ {1, ..., T}, observed ³
qt,
¡
pts
¢S
s=1

´
are financial markets equilibrium prices for economy

³¡
uis, e

it
s

¢S
s=1

´I
i=1
.
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2. For every t ∈ {1, ..., T}, observed ³
qt,
¡
pts
¢S
s=1

´
are financial markets equilibrium prices for economy

³¡euis, eits ¢Ss=1´Ii=1.
3. For every

¡
dzi
¢I
i=1
∈ ¡R#Aσ¢I , such that PI

i=1 dz
i = 0, it is true that

IX
i=1

SX
s=1

deuiTs = −
IX
i=1

SX
s=1

duiTs

and if I = 2, then, moreoverÃ
SX
s=1

deu1s, SX
s=1

deu2s
!
=

Ã
−

SX
s=1

du2s,−
SX
s=1

du1s

!

Suppose that a planner has available a finite data set of prices and profiles of endowments. He
may ask whether the data set can be explained by the Walrasian model and, if so, whether it can
be used to identify a Pareto-improving policy. The theorem says that it may well happen that
the answer to the second part of the question is negative, although the answer to the first part is
affirmative.
The next two subsections prove the theorem. We first argue the existence of system (R) and

then show that it need not a contradiction.

3.2 Definition of system (R)

Suppose that there existµ³¡
uits , µ

it
s , x

it
s , λ

it
s

¢S
s=1

, λit0 , k
it, zit

´I
i=1

¶T
t=1

∈
µ³¡

R×R×RL++ ×R++
¢S ×R++ ×R++ ×RA´I¶T

such that
µ
qt, (pts)

S
s=1 ,

³¡
uits , µ

it
s , x

it
s , e

it
s , λ

it
s

¢S
s=1

, λit0 , k
it, zit

´I
i=1

¶T
t=1

satisfies the following system:

i. (∀i) (∀s) (∀t, t0 ∈ {1, ..., T} : t 6= t0) : xits 6= xit
0

s

ii. (∀i) (∀s) (∀t, t0 ∈ {1, ..., T} : t 6= t0) : uit
0

s < uits + λits p
t
s

³
xit

0
s − xits

´
iii. (∀i) (∀t ∈ {1, ..., T}) (∀a) : λit0 qta =

PS
s=1 λ

it
s r

a
s

iv. (∀i) (∀s) (∀t ∈ {1, ..., T}) : pts
¡
xits − eits

¢
= rsz

it

v. (∀i) (∀t ∈ {1, ..., T}) : qtzit = 0
vi. (∀s) (∀t ∈ {1, ..., T}) :PI

i=1 x
it
s =

PI
i=1 e

it
s

vii. (∀t ∈ {1, ..., T}) :PI
i=1 z

it = 0

viii. (∀i) (∀s) (∀t ∈ {1, ..., T − 1}) : kitλits pts
¡
xits − xiTs

¢
< µits

7



ix. (∀i) (∀s) (∀t ∈ {1, ..., T − 1}) : µits < kT
P

j∈{1,...,I}\{i} λ
jT
s pTs

¡
xits − xiTs

¢
x. (∀i) (∀s) (∀t, t0 ∈ {1, ..., T − 1} : t 6= t0) : µt

0
s < µts + ktλits p

t
s

³
xit

0
s − xits

´
For each i and s, conditions i, ii and iv imply, by Theorem 2 in Matzkin and Richter (1991) that

there exists uis ∈ U such that for each t ∈ {1, ..., T},

xits ∈ argmax
x

uis (x) s.t. p
t
sx ≤ ptse

it
s + rsz

it

and Duis
¡
xits
¢
= λits p

t
s. It then follows from iii and v that

³¡
xits
¢S
s=1

, zit
´
∈ arg max

((xs)Ss=1,z)

SX
s=1

uis (xs) s.t.
½
(∀s ∈ {1, ..., S}) ptsxs ≤ ptse

it
s + rsz

qtz = 0

and, hence, from vi and vii, it follows that, for every t ∈ {1, ..., T},
µ
qt, (pts)

S
s=1 ,

³¡
xits
¢S
s=1

, zit
´I
i=1

¶
is a financial markets equilibrium for economy

³¡
uis, e

it
s

¢S
s=1

´I
i=1
, which proves part 1 of the theorem.

Since for every i, s and t ∈ {1, ..., T}, Duis
¡
xits
¢
= λits p

t
s, parts 2 and 3 follow from lemma 2,

given viii, ix and x.
Since system i-x is a finite system of polynomial inequalities, the definition of system (R) follows

from the Tarski-Seidenberg quantifier elimination theorem (see Mishra, 1993).

3.3 System (R) is noncontradictory

Some cases in which the system has a solution are given next. It is straightforward that conditions
i to vii of the system defined in the previous section are necessary and sufficient for a data set to

be rationalized by some preferences
³¡
uis ∈ U

¢S
s=1

´I
i=1
, so we now concentrate on conditions viii, ix

and x, and construct preferences
³¡euis ∈ U¢Ss=1´Ii=1. For simplicity, we do this for given i, taking

as given the rest of the system. The following cases point out that all the remaining variables in

the system, namely
µ
(kt)

T
t=1 ,

³
(µts)

S
s=1

´T−1
t=1

¶
for individual i, are useful and also that there may

be instances in which conditions are very easy to check.

3.3.1 Perturbing the gradients elsewhere

For every t and every s, let Λits =
P

j∈{1,...,I}\{i} λ
jt
s /λ

it
s and define

N it
s =

n
t0 ∈ {1, ..., T − 1} : Duis

¡
xits
¢ · ³xit0s − xits

´
< 0

o
P it
s =

n
t0 ∈ {1, ..., T − 1} : Duis

¡
xits
¢ · ³xit0s − xits

´
> 0

o

8



For every t ∈ {1, ..., T − 1}, suppose that ∀s, N it
s ∪ P it

s = {1, ..., T − 1} and

Lits = max
t0∈P it

s

Λit
0

s

³
uis

³
xit

0
s

´
− uis

¡
xiTs
¢´− Λits ¡uis ¡xits ¢− uis

¡
xiTs
¢¢

Duis (x
it
s ) · (xit0s − xits )

< min
t0∈Nit

s

Λit
0

s

³
uis

³
xit

0
s

´
− uis

¡
xiTs
¢´− Λits ¡uis ¡xits ¢− uis

¡
xiTs
¢¢

Duis (x
it
s ) · (xit0s − xits )

= U it
s

while
max

s0∈{1,...,S}:Dui
s0(x

it
s0)·(xiTs0 −xits0)<0

Λits0 < min
s0∈{1,...,S}:Dui

s0(x
it
s0)·(xiTs0 −xits0)>0

Λits0

and

¡
Lits , U

it
s

¢ ∩Ã max
s0∈{1,...,S}:Dui

s0(x
it
s0)·(xiTs0 −xits0)<0

Λits0 , min
s0∈{1,...,S}:Dui

s0(x
it
s0)·(xiTs0 −xits0)>0

Λits0

!
6= ∅

In this case, for each t ∈ {1, ..., T − 1} let

kt ∈ ¡Lits , U it
s

¢ ∩Ã max
s0∈{1,...,S}:Dui

s0(x
it
s0)·(xiTs0 −xits0)<0

Λits0 , min
s0∈{1,...,S}:Dui

s0(x
it
s0)·(xiTs0 −xits0)>0

Λits0

!

and let kT = 1 and
³
(µts)

S
s=1

´T−1
t=1

=
³¡
Λits
¡
uis
¡
xits
¢− uis

¡
xiTs
¢¢¢S

s=1

´T−1
t=1

.

Since

(∀s) (∀t ∈ {1, ..., T − 1}) : uis
¡
xits
¢
< uis

¡
xiTs
¢
+Duis

¡
xiTs
¢ · ¡xits − xiTs

¢
(∀s) (∀t ∈ {1, ..., T − 1}) : uis

¡
xiTs
¢
< uis

¡
xits
¢
+Duis

¡
xits
¢ · ¡xiTs − xits

¢
(∀s) (∀t, t0 ∈ {1, ..., T − 1} : t 6= t0) : uis

³
xit

0
s

´
< uis

¡
xits
¢
+Duis

¡
xits
¢ · ³xit0s − xits

´
we have that

(∀s) (∀t ∈ {1, ..., T − 1}) : uis
¡
xits
¢− uis

¡
xiTs
¢
< Duis

¡
xiTs
¢ · ¡xits − xiTs

¢
(∀s) (∀t ∈ {1, ..., T − 1}) : Duis

¡
xits
¢ · ¡xits − xiTs

¢
< uis

¡
xits
¢− uis

¡
xiTs
¢

(∀s) (∀t, t0 ∈ {1, ..., T − 1} : t 6= t0) : uis

³
xit

0
s

´
− uis

¡
xiTs
¢
< uis

¡
xits
¢− uis

¡
xiTs
¢
+Duis

¡
xits
¢ · ³xit0s − xits

´
Fix s and t ∈ {1, ..., T − 1}. Since Λits > 0,

(∀s) (∀t ∈ {1, ..., T − 1}) : µts < kTΛits0Duis
¡
xiTs
¢ · ¡xits − xiTs

¢
while

(∀s) (∀t ∈ {1, ..., T − 1}) : µts > Λits0Duis
¡
xits
¢ · ¡xits − xiTs

¢
so, if Duis0

¡
xits0
¢ · ¡xiTs0 − xits0

¢
< 0, since kt > Λits then µ

t
s > Λ

it
s0Duis

¡
xits
¢ · ¡xits − xiTs

¢
> ktDuis

¡
xits
¢ ·¡

xits − xiTs
¢
, whereas if Duis0

¡
xits0
¢ · ¡xiTs0 − xits0

¢
> 0, then, since kt < Λits , it follows that µ

t
s >

Λits0Duis
¡
xits
¢ · ¡xits − xiTs

¢
> ktDuis

¡
xits
¢ · ¡xits − xiTs

¢
. If, alternatively, Duis0

¡
xits0
¢ · ¡xiTs0 − xits0

¢
= 0,

then µts > 0 = ktDuis
¡
xits
¢ · ¡xits − xiTs

¢
.
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Now, fix s and t, t0 ∈ {1, ..., T − 1} with t 6= t0. If Duis
¡
xits
¢ · ³xit0s − xits

´
> 0, since

kt >
Λit

0
s

³
uis

³
xit

0
s

´
− uis

¡
xiTs
¢´− Λits ¡uis ¡xits ¢− uis

¡
xiTs
¢¢

Duis (x
it
s ) · (xit0s − xits )

it follows that

Λit
0

s

³
uis

³
xit

0
s

´
− uis

¡
xiTs
¢´

< Λits
¡
uis
¡
xits
¢− uis

¡
xiTs
¢¢
+ ktDuis

¡
xits
¢ · ³xit0s − xits

´
which means that µt

0
s < µts + ktDuis

¡
xits
¢ · ³xit0s − xits

´
.

If, on the other hand, Duis
¡
xits
¢ · ³xit0s − xits

´
> 0, then

kt <
Λit

0
s

³
uis

³
xit

0
s

´
− uis

¡
xiTs
¢´− Λits ¡uis ¡xits ¢− uis

¡
xiTs
¢¢

Duis (x
it
s ) · (xit0s − xits )

which implies that

ktDuis
¡
xits
¢ · ³xit0s − xits

´
+ Λits

¡
uis
¡
xits
¢− uis

¡
xiTs
¢¢

> Λit
0

s

³
uis

³
xit

0
s

´
− uis

¡
xiTs
¢´

or, equivalently, µt
0
s < µts + ktDuis

¡
xits
¢ · ³xit0s − xits

´
.

Finally, notice that Duis
¡
xits
¢ · ³xit0s − xits

´
= 0 does not occur, by assumption.

3.3.2 Perturbing the gradients at T only

Suppose that ∃s, s0 such that P iT
s 6= ∅ and N iT

s0 6= ∅

max
s:P iT

s 6=∅
max
t∈P iT

s

uis
¡
xits
¢− uis

¡
xiTs
¢

Duis (x
iT
s ) · (xits − xiTs )

< min
s:NiT

s 6=∅
min
t∈NiT

s

uis
¡
xits
¢− uis

¡
xiTs
¢

Duis (x
iT
s ) · (xits − xiTs )

In this case, for each t ∈ {1, ..., T − 1} let kt = 1, let

kT ∈
Ã
max

(
0, max

s:P iT
s 6=∅

max
t∈P iT

s

uis
¡
xits
¢− uis

¡
xiTs
¢

Duis (x
iT
s ) · (xits − xiTs )

)
, min
s:NiT

s 6=∅
min
t∈NiT

s

uis
¡
xits
¢− uis

¡
xiTs
¢

Duis (x
iT
s ) · (xits − xiTs )

!

and
³
(µts)

S
s=1

´T−1
t=1

=
³¡
uis
¡
xits
¢− uis

¡
xiTs
¢¢S

s=1

´T−1
t=1

.

As before, since

(∀s) (∀t ∈ {1, ..., T − 1}) : uis
¡
xits
¢
< uis

¡
xiTs
¢
+Duis

¡
xiTs
¢ · ¡xits − xiTs

¢
(∀s) (∀t ∈ {1, ..., T − 1}) : uis

¡
xiTs
¢
< uis

¡
xits
¢
+Duis

¡
xits
¢ · ¡xiTs − xits

¢
(∀s) (∀t, t0 ∈ {1, ..., T − 1} : t 6= t0) : uis

³
xit

0
s

´
< uis

¡
xits
¢
+Duis

¡
xits
¢ · ³xit0s − xits

´
we have that

(∀s) (∀t ∈ {1, ..., T − 1}) : uis
¡
xits
¢− uis

¡
xiTs
¢
< Duis

¡
xiTs
¢ · ¡xits − xiTs

¢
(∀s) (∀t ∈ {1, ..., T − 1}) : Duis

¡
xits
¢ · ¡xits − xiTs

¢
< uis

¡
xits
¢− uis

¡
xiTs
¢

(∀s) (∀t, t0 ∈ {1, ..., T − 1} : t 6= t0) : uis

³
xit

0
s

´
− uis

¡
xiTs
¢
< uis

¡
xits
¢− uis

¡
xiTs
¢
+Duis

¡
xits
¢ · ³xit0s − xits

´
10



so

(∀s) (∀t ∈ {1, ..., T − 1}) : ktDuis
¡
xits
¢ · ¡xits − xiTs

¢
< µts

(∀s) (∀t, t0 ∈ {1, ..., T − 1} : t 6= t0) : µt
0
s < µts + ktDuis

¡
xits
¢ · ³xit0s − xits

´
Now, fix s and t ∈ {1, ..., T − 1}. If Duis

¡
xiTs
¢ · ¡xits − xiTs

¢
> 0, then

kT >
uis
¡
xits
¢− uis

¡
xiTs
¢

Duis (x
iT
s ) · (xits − xiTs )

so
kTDuis

¡
xiTs
¢ · ¡xits − xiTs

¢
> uis

¡
xits
¢− uis

¡
xiTs
¢

which means that µts < kTDuis
¡
xiTs
¢ · ¡xits − xiTs

¢
.

If, on the other hand, Duis
¡
xiTs
¢ · ¡xits − xiTs

¢
< 0, then

kT <
uis
¡
xits
¢− uis

¡
xiTs
¢

Duis (x
iT
s ) · (xits − xiTs )

so
kTDuis

¡
xiTs
¢ · ¡xits − xiTs

¢
> uis

¡
xits
¢− uis

¡
xiTs
¢

which is the same as µts < kTDuis
¡
xiTs
¢ · ¡xits − xiTs

¢
.

Finally, if Duis
¡
xiTs
¢ · ¡xits − xiTs

¢
= 0, then uis

¡
xits
¢
< uis

¡
xiTs
¢
, so

µts = uis
¡
xits
¢− uis

¡
xiTs
¢
< 0 = kTDuis

¡
xiTs
¢ · ¡xits − xiTs

¢
It should be noticed that, by construction,

min
s:NiT

s 6=∅
min
t∈NiT

s

uis
¡
xits
¢− uis

¡
xiTs
¢

Duis (x
iT
s ) · (xits − xiTs )

> 0

so, for the assumption here to hold it would suffice that

Duis
¡
xiTs
¢ · ¡xits − xiTs

¢
> 0 =⇒ uis

¡
xits
¢ ≤ uis

¡
xiTs
¢

in which case

max

(
0, max

s:P iT
s 6=∅

max
t∈P iT

s

uis
¡
xits
¢− uis

¡
xiTs
¢

Duis (x
iT
s ) · (xits − xiTs )

)
= 0

Alternatively, the condition implies that when Duis
¡
xiTs
¢ · ¡xits − xiTs

¢
> 0, then uis

¡
xits
¢
should

not be much larger than uis
¡
xiTs
¢
, which makes explicit the cardinal character of the assumption.

It should also be noticed that if ∀s, P iT
s = ∅ but ∃s such that N iT

s 6= ∅, then it suffices to define

kT ∈
Ã
0, min

s:NiT
s 6=∅

min
t∈NiT

s

uis
¡
xits
¢− uis

¡
xiTs
¢

Duis (x
iT
s ) · (xits − xiTs )

!

whereas if ∀s, N iT
s = ∅ but ∃s such that P iT

s 6= ∅, then it suffices to define

kT ∈
Ã
max

(
0, max

s:P iT
s 6=∅

max
t∈P iT

s

uis
¡
xits
¢− uis

¡
xiTs
¢

Duis (x
iT
s ) · (xits − xiTs )

)
,∞
!
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3.3.3 Conditions on prices and quantities only

The condition
Duis

¡
xiTs
¢ · ¡xits − xiTs

¢
> 0 =⇒ uis

¡
xits
¢ ≤ uis

¡
xiTs
¢

is indeed awkward from a revealed preference perspective, but it allows us to illustrate that there
are sufficient conditions on the prices and demands only: suppose that for every t ∈ {1, ..., T − 1}
and every s, pTs ·

¡
xits − xiTs

¢ ≤ 0, which is to say that the T th observation is revealed preferred to
all other observation in all the states of the world.
Similarly, the condition that for every t ∈ {1, ..., T − 1} and every s, pTs ·

¡
xits − xiTs

¢ ≥ 0 suffices.
4 Concluding remarks
If an economy is not stationary, observation of all market information, on and off the realized path
does not suffice to identify Pareto-improving policies. There exists a profile of preferences which
would have yielded the exact same equilibrium information, but for which any reallocation policy
would have opposite effects: if it is Pareto-improving in the real economy, there is at least one
individual who is made worse off in the other economy, which cannot be ruled out. The intuition
is that one equilibrium is not enough to pin down the vector of marginal utilities of income at the
terminal nodes for each individual. One can scramble, or add, these vectors across individuals and
still respect observed market behavior. Obviously, the fact that one cannot rule out these different
profiles of marginal utilities is relevant when they are not collinear, which is the condition under
which Pareto-improving reallocations exist in the first place. The result is then most meaningful:
the same feature of the equilibrium that explains the existence of Pareto-improving policies implies
that it is impossible to identify one such policy.
When the data set is a series of prices and endowments, the problem is more restrictive, and

the nonidentification results are weakened. This is so, because the scramble or addition of marginal
utilities of income are performed via noninfinitesimal perturbations of the utility functions at the
points where policy is to be attempted. When multiple equilibria have to be rationalized, these
perturbations must be local. But then, since we have additively separable preferences, guaranteeing
concavity weakens the result. In this paper, we guarantee concavity via Afriat inequalities. It
follows that there do exist conditions on the data under which one can ensure the existence of
multiple rationalizations yielding different welfare effects for any policy.
In both settings, when identification fails, market performance is less questionable on grounds

of its inefficiency. Granted, there may be Pareto-improving policies, but market information does
not suffice for their design. Whether a mechanism can be designed in order to elicit information
about the consumers’ preferences is an open question. Also, this paper does not address the case of
a stationary economy, which is interesting.

Appendix: lemmata

Lemma 1 Fix u ∈ U , Λ ∈ R++ and (xt)Tt=1 ∈ RLT+ such that t 6= t0 =⇒ xt 6= xt
0
, and letµ

(kt)
T
t=1 ,

³
(µts)

S
s=1

´T−1
t=1

¶
∈ RT++ ×RS(T−1) solve the system

(∀t ∈ {1, ..., T − 1}) : ktDu
¡
xt
¢ · ¡xt − xT

¢
< µt < kTΛDu

¡
xT
¢ · ¡xt − xT

¢
(∀t, t0 ∈ {1, ..., T − 1} : t 6= t0) : µt

0
< µt + ktDu

¡
xt
¢ · ³xt0 − xt

´
12



There exists eu ∈ U such that
1. For every t ∈ {1, ..., T − 1}, Deu (xts) = kt

kT
Du (xt).

2. There exists � > 0 such that ∀x ∈ B�

¡
xiTs
¢
, eu (x) = Λu (x).

Proof. Define (ut)T−1t=1 =
¡
Λu
¡
xT
¢
+ µt/kT

¢T−1
t=1

. By construction,

(∀t ∈ {1, ..., T − 1}) : ut < Λu
¡
xT
¢
+ ΛDu

¡
xT
¢ · ¡xt − xT

¢
(∀t ∈ {1, ..., T − 1}) : Λu

¡
xT
¢
< ut +

kt

kT
Du

¡
xt
¢ · ¡xT − xt

¢
(∀t, t0 ∈ {1, ..., T − 1} : t 6= t0) : ut

0
< ut +

kt

kT
Du

¡
xt
¢ · ³xt0 − xt

´
As in Matzkin and Richter (1991), define h : RL −→ R, as h (x) =

q
kxk2 + 1 − 1. h is C2

and strongly convex and satisfies h (x) = 0 ⇐⇒ x = 0, h (x) > 0 ⇐⇒ x 6= 0 and (∀l ∈ {1, ..., L}) :
∂h
∂xl
(·) ∈ [0, 1).
Since T <∞, there exists γ ∈ R++ such that

(∀t, t0 ∈ {1, ...T − 1} , t 6= t0) : ut
0

< ut +
kt

kT
Du

¡
xt
¢ · ³xt0 − xt

´
− γh

³
xt

0 − xt
´

Λu
¡
xT
¢

< ut +
kt

kT
Du

¡
xt
¢ · ¡xT − xt

¢− γh
³
xt

0 − xt
´

Now, for each t ∈ {1, ..., T − 1}, define φt : RL −→ R by

φt (x) = ut +
kt

kT
Du

¡
xt
¢ · ¡x− xt

¢− γh
¡
x− xt

¢
while φT = Λu. Notice that ∀t ∈ {1, ..., T}, φt is strictly concave, whereas, for each t ∈ t ∈
{1, ..., T − 1} ,

(∀l ∈ {1, ..., L}) : ∂φt
∂xl

(·) = kt

kT
∂u

∂xl

¡
xt
¢− γ

∂h

∂xl

¡
x− xt

¢
>

kt

kT
∂u

∂xl

¡
xt
¢− γ

so (since L <∞ and T <∞), γ may be taken small enough so as to make φt strictly monotone.
Define eu : RL+ −→ R by eu (x) = mint∈{1,...,T} {φt (x)}, a continuous, strongly concave, strictly

monotone, differentiable almost everywhere (in Lebesgue measure) function. By continuity, there
exists � ∈ R++ such that x ∈ B� (x

t) =⇒ u (x) = φt (x), which also implies that for every
t ∈ {1, ..., T − 1}, Deu (xt) = kt

kT
Du (xt). Differentiability of eu everywhere can be obtained as in

Chiappori and Rochet (1987).

Lemma 2 Let
µ
qt, (pts)

S
s=1 ,

³¡
xits , e

it
s

¢S
s=1

, zit
´I
i=1

¶T
t=1

be such that, for every t ∈ {1, ..., T},
µ
qt, (pts)

S
s=1 ,

³¡
xits
¢S
s=1

, z

is a financial markets equilibrium for economy
³¡
uis, e

it
s

¢S
s=1

´I
i=1

and for every t 6= t0, every i and

every s, xits 6= xit
0

s . Suppose that for every i ∈ {1, ..., I} there exists a solution
µ
(kt)

T
t=1 ,

³
(µts)

S
s=1

´T−1
t=1

¶
to the system of inequalities

(∀s) (∀t ∈ {1, ..., T − 1}) : ktDuis
¡
xits
¢·¡xits − xiTs

¢
< µts < kT

P
j∈{1,...,I}\{i}

λjTs

λiTs
Duis

¡
xiTs
¢·¡xits − xiTs

¢
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(∀s) (∀t, t0 ∈ {1, ..., T − 1} : t 6= t0) : µt
0
s < µts + ktDuis

¡
xits
¢ · ³xit0s − xits

´
where

³
λjTs

´S
s=0

is such Dujs
¡
xjTs

¢
= λjTs pTs and

P
s λ

jT
s rs = λjT0 qT . Then, there exist preferences³¡euis ∈ U¢Ss=1´Ii=1 such that,

1. For every t ∈ {1, ..., T}, observed
µ
qt, (pts)

S
s=1 ,

³¡
xits
¢S
s=1

, zit
´I
i=1

¶
is a financial markets equi-

librium for economy
³¡euis, eits ¢Ss=1´Ii=1.

2. For every
¡
dzi
¢I
i=1
∈ ¡R#Aσ¢I , such that PI

i=1 dz
i = 0, it is true that

PI
i=1

PS
s=1 deuiTs =

−PI
i=1

PS
s=1 du

iT
s , where

¡
duiTs

¢I
i=1

and
¡
deuiTs ¢Ii=1 are the (spot) general equilibrium welfare

effects resulting from revenue transfer
¡
rsdz

i
¢I
i=1

at spot equilibrium
³
pTs ,

¡
xiTs
¢I
i=1

´S
s=1

in

exchange economies
¡
uis, e

iT
s + rsz

iT
¢I
i=1

and
¡euis, eiTs + rsz

iT
¢I
i=1
, respectively.

Proof. For each i, from a solution
µ
(kt)

T
t=1 ,

³
(µts)

S
s=1

´T−1
t=1

¶
to i’s system of inequalities, it

follows from lemma 1 that for each s there exists euis ∈ U and such that:
1. ∀t ∈ {1, ..., T − 1}, Deuis ¡xits ¢ = kt

kT Duis
¡
xits
¢

2. ∃� > 0 such that ∀x ∈ B�

¡
xiTs
¢
, euis (x) = P

j∈{1,...,I}\{i} λ
jT
s

λiTs
uis (x)

Fix t ∈ {1, ..., T − 1}. Letting
³eλits ´S

s=0
=
³
kt

kT λ
it
s

´S
s=0
, we have that, given 1

Deuis ¡xits ¢ =
kt

kT
Duis

¡
xits
¢
=

kt

kT
λits p

t
s =

eλits pts
SX
s=1

eλits rs =
SX
s=1

kt

kT
λits rs =

kt

kT

SX
s=1

λits rs =
kt

kT
λit0 q

t = eλit0 qt
from where

µ
qt, (pts)

S
s=1 ,

³¡
xits
¢S
s=1

, zit
´I
i=1

¶
is an equilibrium for economy

³¡euis, eits ¢Ss=1´Ii=1.
To see that

µ
qT ,

¡
pTs
¢S
s=1

,
³¡
xiTs
¢S
s=1

, ziT
´I
i=1

¶
is an equilibrium for

³¡euis, eiTs ¢Ii=1´Ss=1, let ³eλiTs ´Ss=0 =³P
j∈{1,...,I}\{i} λ

jT
s

´S
s=0
∈ RS+1++ and observe that Deuis ¡xiTs ¢ = eλiTs pTs and

SX
s=1

eλiTs rs =
SX
s=1

X
j∈{1,...,I}\{i}

λjTs rs =
X

j∈{1,...,I}\{i}

SX
s=1

λjTs rs =
X

j∈{1,...,I}\{i}
λjT0 qT = eλiT0 qT

Now, since dpTs is the same in exchange economies
¡
uis, e

iT
s + rsz

iT
¢I
i=1

and
¡euis, eiTs + rsz

iT
¢I
i=1
,

it follows that deuiTs =
P

j∈{1,...,I}\{i} λ
jT
s

λiTs
duiTs , which means

deuiTs =

ÃPI
j=1 λ

jT
s − λiTs

λiTs

!
duiTs =

µ
ΛTs
λiTs
− 1
¶
duiTs
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and, hence,
IX

j=1

deuiTs = ΛTs

IX
j=1

duiTs
λiTs

−
IX

j=1

duiTs = −
IX

j=1

duiTs

(because
PI

i=1 dz
i = 0). It then follows that

IX
i=1

SX
s=1

deuiTs =
SX
s=1

IX
i=1

deuiTs = −
SX
s=1

IX
i=1

duiTs = −
IX
i=1

SX
s=1

duiTs

Incidentally, the lemma implies that even the observation of all equilibrium information at ob-
served a finite set of endowments may not allow a planner to discern between economies in which, at
given endowments, for any policy, the aggregates of individual welfare effects go in opposite direc-
tion. In particular, it may not distinguish between an economy in which a policy is Pareto-improving
and another in which at least one individual is made worse off.
The assumption of the previous lemma is not a necessary condition. First, it is sufficient for the

profile of preferences that we construct, but there may be other profiles with the same implication.
Secondly, for the case in which a policy is Pareto-improving in the original preferences, we only need
the condition to be satisfied for the one individual who ends up with a welfare loss in the constructed
preferences (at observation T ) but not for other individuals; of course, we need to assume it for all
individuals because we do not know ex-ante who the individual who loses will be.
Although the system resembles Brown-Matzkin, it must be noticed that it is different and that

it does not amount to assuming the rationalization of the observed equilibria. The differences are:
1) this system is individual; 2) it does not involve prices; 3) it does not involve asset markets at all;
4) there are no market-clearing conditions. The only reason why the system has to be there is for
strong concavity. It is crucial that in the system of inequalities (kt)Tt=1 is independent of s.

Corollary 2 Let
µ
qt, (pts)

S
s=1 ,

³¡
xits , e

it
s

¢S
s=1

, zit
´I
i=1

¶T
t=1

be such that, for every t ∈ {1, ..., T},µ
qt, (pts)

S
s=1 ,

³¡
xits
¢S
s=1

, zit
´I
i=1

¶
is a financial markets equilibrium for economy

³¡
uis, e

it
s

¢S
s=1

´I
i=1

and for every t 6= t0, every i and every s, xits 6= xit
0

s . There exists a finite system of polynomial in-

equalities on
³
λiTs ,

P
j∈{1,...,I}\{i} λ

jT
s ,
¡
pts, x

it
s

¢T
t=1

´S
s=1
such that if each i satisfies those inequalities,

then, there exist preferences
³¡euis ∈ U¢Ii=1´Ss=1 such that:

1. For every t ∈ {1, ..., T}, observed
µ
qt, (pts)

S
s=1 ,

³¡
xits
¢S
s=1

, zit
´I
i=1

¶
is a financial markets equi-

librium for economy
³¡euis, eits ¢Ss=1´Ii=1.

2. For every
¡
dzi
¢I
i=1
∈ ¡R#Aσ¢I , such that PI

i=1 dz
i = 0, it is true that

PI
i=1

PS
s=1 deuiTs =

−PI
i=1

PS
s=1 du

iT
s .

Proof. This is straightforward from the theorem, by the Tarski-Seidenberg theorem (see theorem
8.6.6 in Mishra, 1993).
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