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Abstract

This document presents a dynamic stochastic general equilibrium model with rule of thumb (Non-Ricardian) agents
and both nominal price and wage rigidities. The model follows closely that of Gali et al. (2004) and expands it to
include a second way form of heterogeneity (besides the Non-Ricardian agents), namely the nominal wage stickiness
4 la Calvo, as in Erceg et al. (2000). Special attention is given to the algebraic details of the model. The model is
calibrated and its dynamics are explored trough the analysis of impulse response functions.
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JEL Classification: E32, E37, C68.

The model discussed in this paper is a modified version of that of Gali et al. (2004) and represents an economy
with two types of agents. The first is the usual agent known to the literature. The second type of agent doesn’t
have access to any mechanism to smooth consumption over time, both the capital and the bond markets are closed
to them, for such reason it is known as Non-Ricardian or Rule-of-Thumb agent. Following Erceg et al. (2000) the
individuals (both Ricardian and Non-Ricardian) are assumed to offer a differentiated type of labor, the wage that
the agents charge for their labor is adjusted in an staggered way,' in this sense this work is similar to that of Colciago
(2011), the difference lies in the way nominal rigidities are introduced, allowing them to affect only Ricardian or
Rule-of-Thumb consumers, thus generalizing the findings of Gali et al. (2004) and Colciago (2011) by presenting
both of theirs models as special cases of the one developed here. As shown in Colciago (2011) the introduction of
nominal wage rigidities proves to be crucial when determining the properties of the rational expectations equilibrium
(existence, uniqueness and stability).

The economy also consists of labor agencies (firms that hire the labor from the agents and sell it to the inter-
mediate goods producers), intermediate goods producers (operating in a monopolistic environment and subject to
Calvo (1983) rigidities in price setting), a final good aggregator, and a monetary authority.

The markets operate as follows: there is a competitive capital market between the Ricardian agents and the
intermediate goods firms. The labor supplied by the Ricardian agents is bought by a labor agency and packed in
an index of Ricardian work, the same happens to the Rule-of-Thumb agents; afterward both indexes are bought
by a third labor agency that generates a labor index sold to the intermediate goods firms in a competitive market.
With capital and labor the firms produce intermediate goods that are sold in a market in monopolistic competition
to the final good aggregator, then the aggregator sells the final good to the agents in a competitive market, the
final good is used for consumption by both types of agents and for investment in capital.

As for the composition of the households it is assumed that a fraction I' of it is composed by Rule-of-Thumb
agents, this fraction is exogenously determined and held constant over time. In the following the subindex “a” will
identify variables of the Non-Ricardian agents and the subindex “b” will be used for the Ricardian agents.

Special attention is given to the algebraic details of the model, Sections 1 to 9. Later the model parametrization
and steady state is discussed in Section 10. Finally the model is simulated and its impulse response functions

*1 wish to thank Andrés Gonzélez, Andrés Giraldo and the participants in the seminar of the Economics Department at Javeriana
University, they contributed substantially when developing this document with comments and suggestions. Of course, any remaining
errors are to be blamed solely on me. The results and opinions below are responsibility of the author and do not compromise in any
way Banco de la Republica or its Board of Directors.

! The nominal wage rigidity is introduced with the mechanism of Calvo (1983).
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to a technological and a monetary shock are presented in Section 11, although it is not the main concern of this
document some of the economic implications of the model are discussed.

1 Aggregate Labor Agency

The aggregate labor agency buys a Ricardian labor index and a Non-Ricardian labor index in order to produce an
aggregate labor index that is sold to the intermediate goods producers in a competitive market.
Their problem is to maximize their profits subject to their aggregation technology:

Max wihy — Wathar — wyehae
ha,thb,t
S.T
r;1-T
he = hathbt

The first order conditions for the aggregate labor agency are then:

he, hy=(1-T)—th, and  hy=h5ALT
Wat Wiy )

hut:: P

The log-linear approximation is given by:

hat = (W¢ — War) + Iy, ith = (W — Wpt) + Iy and ilt = Fﬁat +(1-1) Bbt

2 Non-Ricardian Labor Agency

The Non-Ricardian labor agency buys labor from the Non-Ricardian agents, and aggregates it in a Non-Ricardian
labor index. The technology is characterized by the following function:

n
1 n—1
n—1
s __ n
at — /hzt dz
0

Note that the integral is done over the space of Non-Ricardian agents, then it holds that, in equilibrium, the
demand for Non-Ricardian labor index satisfies: hqt = 'hg ;.
The problem of the Non-Ricardian labor agency is then given by:

1
Max waths, — /wzthztdz
Vze0,1) Pzt
0
S.T
1 n'—]1
n—1
S _ n
hiy = /hzt dz
0

The optimal demand for the labor of the Non-Ricardian agent “z” is:

-n
Wt
hit = h;t
Wat

Using the optimal demand for labor and the technology it is possible to obtain an expression for the Non-
Ricardian wage wq;:

1 1-n
_ 1—77d
Wt = w,, 'dz
0

From the last equation and knowing that in equilibrium a portion £, of the wages cannot be adjusted optimally
one gets:
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1
_ « \1-n]T=7
Wa,t = [ga (wa,tfl)l K + (]— - ga) (wa,t) 77:| '
Linearizing
wa,t = gawa,t—l + (1 - ga) w;,t

3 Ricardian Labor Agency

The problem and the technology of the Ricardian labor agency are the same as the described above for the Non-
Ricardian labor agency. The result of the optimization is then the same and the optimality conditions are given
by:

1
T—7q

Wpt

1
-1
Wzt 1—n
hi, = ( ) Bt and Wyt = /wzt dz
0

The linearized equation for the average Ricardian wage is given by:

Wyt = EpWpe—1 + (1 — &) Wy,

where &, is probability that an agent adjusts its wage in a given period. As before in equilibrium the aggregate
demand for Ricardian labor index satisfies: hy; = Lhy ;.

4 Final Good Aggregator

There is a firm that buys intermediate goods and aggregates them into a final good that is sold to the households
in a competitive market. The aggregation technology is given by:

_0
1 6—1

-1
Y= | [oTd

0

Then the conditional demand for each type of intermediate good and the price of the consumption bundle are:

1
1-06

P\’ 1
vy = ( ];:> Y, and P = / () dj
0

5 Household

5.1 Non-Ricardian Agents

Non-Ricardian agents seek to maximize their utility by choosing their consumption, the wage to charge for their
labor and the acquisition of an Arrow-Debreau security that allows income to be the same among Non-Ricardian
agents in the household independently of the wage they charge for their labor.

5.1.1 Consumption

The problem faced by a Non-Ricardian agent when maximizing consumption is:

0 l1—0o s 1+9
Méix Z/Bi Cjt+i X )
Cj e jt41 e 1—0o 1+
1=
S.A.
0 = wjihj,+aje—cje— /qJ‘,tJrl,taj,tHde,tH,t

The first order conditions are then:
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Y 3
i =t = 0

S _
wjhf, +aj— i — /qj,t+1,taj,t+1de,t+1,t = 0

Thanks to the Arrow-Debreau Securities, the first order conditions can be expressed in terms of the average
variable of a type a household:

—0a

Cait — Nt

S j—
wa,tha’t - ca,t -

The log linear approximation is:
Yt = —O0Cqp

~ ~ 7s
Cat = Wgzt+ ha,t

5.1.2 Wage and Labor

The problem of choosing the optimal wage is solved as in Erceg et al. (2000), the details are in Appendix A. The
solution to the problem is given by a wage Phillips curve, the definition of the wage markup and the dynamics of
the real wage:

(1 — Sa) (1 — 55(1) ~

Wa _ Wq
Ty = ﬁﬁt+1 — fa (1 I 7719) Mgt
ﬂwa,t = wa,t - Hfrsa,t
TS, ¢ 19l~zzyt + 0Cq
Wa,t Wa,p—1 + 7 —

5.2 Ricardian Agents

The problem of the Ricardian agents is similar to the problem already presented for the Non-Ricardian agents, the
difference lies in the extra decisions of the former, they have to optimize over their bond holdings, investment and
capital accumulation.

5.2.1 Consumption, Bond Holdings, Investment and Capital

The problem of the Ricardian agent is given by:

> cl,fa, hs. . . 1+9
Max Zﬂz J,t+1 o X( ]-,t"rl)
Cjtsbjt,Tiekjt41,a5641 P 1—0 1+9
S.A.
Tp_1 1
0 = rikjs+wjhs, + bje—1—— + T Pretaje — i — e — bje — /qj,t+17taj7t+1d€}7t+1,t
. _
.
0 = ¢ (k]t> kjo+ (1 =08)kje — kju
it

Where ¢ (%) k;+ represents the capital adjustment costs, it is assumed that ¢’ (0) =1 and ¢ (§) = 9.

The first order conditions are then:
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—0
Cit — Ajit
it
—Ajt + BAjit1
Tt+1

z; z;
—pjt + B [ Njerrrtis + pgear (1= 6) + pjeqr (¢ (Jt“> —¢ (JHI>
Kj 41 kj it

Ljt+1 )]
kjtt+1
T
=Ajt + pjed’ (kjt>
.t

Pri+aji —cje — @i —bje — /qj,t+1,taj7t+1d@,t+1,t

¢ (”“"J

kjt

By 1
ik 4 wihs, + bj,t—ltﬂT t1{-T

) kjv+ (1 —0)kjt—kjita

Defining Tobin’s Q as the ratio between the Lagrange multiplier of the capital dynamics and
multiplier of the budget constraint one gets:

Cif — At =
G i
Beili Tem
Beiii [k Tjtt1 o Tjer1\ Ty
~Quut Tk Qi (1= 0) 4 Qe (09 (251 ) g (T2 ) L) | =
J;t J,t+1 j,t+1 j,t+1
1
Qjt —

i1 1
ik +wj b, + bﬁ_l—;t t1-T

Pri+aji —cje — @i —bje — / Qjt+1,605,441dC5 1414

=
¢ (kﬁ) ki +(1—=0)kj—kjita
75

the Lagrange

Thanks to the Arrow-Debreau Securities, the first order conditions can be expressed in terms of the average
variable of a type b household, also in equilibrium the bonds “b” are equal to zero. The system is then given by:

Y B
Co,t - =

—0 .
St 1t _

Beyiin Tt

5Cb_f+1 k Tp,t4+1 ;[ Tot+1\ Tot+1
Qi+ ——— 11 T Q1 (1 =0)+ Qg1 | ¢ A —¢ A — =

Cht b,t+1 b,t+1 b,t+1

1

o ()

Q1

ko + wp,chy  + i1 FPl"t —Cpt — Tpy =
Th,t

0] (k ) kype+ (1 —0) kot —kpty1 =
byt

Combining the second and third equations:



6 Intermediate Goods Producers 6

— _
cb,t — >\t =0

—0 .
Cpt 1

- —0a
Byt T

o Ti41 Tf—i-l + Qiy1 (1 — 5) + Qt11 <¢ <xb’t+1> — d)/ <$b,t+1> M):l =0

it kb t+1 k1) kb it1
1
Q-—F—~ = 0
7 Tobt
o (52)
k s 1
Ty kb,t + wb,thb,t + ﬁprt —Cpt — Tht = 0

x
) <kb’t> kpi+Q—08) ks —kpegr = 0
byt

’

The log linear approximation is then:

1y — T+1 = O (5b,t+1 - 5b,t)
G = —(it— 1) + BG1 + [L— B(L—08)]7F
. ~ -1 -
Tyt — kb,t = <¢>”((5)5) qt
Epopr = Odpe+(1—08)kyy

The first equation is not necessary for characterizing the equilibrium, and the budget constraint is used later
when deriving the aggregate resource constraint. The term Wé)& is the elasticity of the investment-capital ratio to
the Tobin’s Q, it will be noted as ¢ from now on.

5.2.2 Wage and Labor

The decision of the optimal wage is taken in the same way as the one of the Non-Ricardian agents, the result is
then:

wy (1 — gb) (1 - ﬁfb) ~

wy
m Y = By — Hawy
+ & (14 n0)
ﬁwb,t = ﬁfb,t - Hfrsb,t
mrsy; = Vhy,+0Cy
_ _ wy
Wyt = Wpi—1+T 0 —m

6 Intermediate Goods Producers

There is a continuum of firms in monopolistic competition that produce differentiated goods, each of the firms has
the same technology and uses capital and aggregate labor in its production process. The firms face Calvo rigidities
in their price setting decisions. If not allowed to optimize over its price a firm must keep the same price of the last
period.

The firms technology is characterized by the following production function:

. _ a l—«a
vip = 2ekyhy
From the cost minimization process the conditional demands are obtained:

k __ . a—1lpl—a _ . o 1 —a
e = apjeakl hiy and w = (1 —a) pjtzekhy
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From the demands and the production function it can be shown that the real marginal cost ¢, is common to all
firms, then one gets:

rf = a2k 1hl @ and wy = (1 — @) przek], h; by

J,t
linearizing one gets:

o= G- (1-a) (/;j,t - ﬁj,t)
Wy = ¢rta (];j,t - Ej,t)

also, for the production function: ~ 5
Uje =2+ ok + (1—a)hj,

1 1
Defining k; = [kjdj, hy = [h;.dj and integrating:
0 0
ffigat*(l*a)(];}t*ilt), lz}t:@tﬁ’a(];t*ilt) and f)t:gt‘i’al;t‘i“(l*a)ﬁt

The details for the price decision problem can be found in Appendix B, the result of the problem is:

1—¢)(1—¢B) .
7'('t frng /Bﬂ—tJrl + M%Sot
Where 1 — € is the probability of optimally adjusting prices.

7 Aggregation

7.1 Aggregate demand
The aggregate demand is given by:

Then de aggregate demand is:

where:

From the price definition:

1
1 = /(p]t> / (1-8)(pjt—p¢) ]
0

0

H
1R

1+(1—9)/pjt—ptdj
0

1
0 =~ /pjt — pidy
0
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Now, the definition of the price distortion states:
1

1
/(p”) o/pjt—ptdj ~ 0
0 0

Then one gets that up to a first order approximation the following result holds:

7.2 Demand for Non Ricardian Labor
The demand is given by:

1

1 1
- -
hs, = / haodz = / (“”) hasdz = / (wt> dzhas
0 Wat o Wat

hs = Vath

at

‘Where:

1

/ (wzt)
Wat

0

By a process similar to that done for the aggregate demand one gets:

=0 and h, = hat

7.3 Demand for Ricardian Labor

The demand for Ricardian labor is obtained is a similar way, the optimality conditions are:

Dbt - O and i:LlS]t == ilbt

7.4 Capital and Investment

Because the Ricardian agents are the only that invest and accumulate capital one has that the aggregate capital
and aggregate investment are given by:

kt = (1 — F) kbt and Ty = (1 — F) Tt

Linearizing:
]zit = ];/ibt and 57,5 = -i'bt
7.5 Aggregate Consumption
The aggregate consumption is given by:
Ct = FCat + (1 — F) Cpt

Linearizing:

C - C ~
Ct = cht + i (1 — F) Cb,t
C C
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7.6 Aggregate Profits

The profits of the intermediate goods producers are given by:

1

Pl"t = / (pj’t th — Tfkj’t — wthN) dZ
Py

0

L N 1-0
PI‘t = / <<p]t> Yt — Tfk‘j’t — wthj,t> dl

Py

0

1 1—0 1 1
Pr, = / (?) diyy — rf/kj,tdz' - wt/hj7tdi

0 ‘ 0 0
Pry = ys— Tfkt — wihy

The integral over the prices in the first term is equal to one by the definition of the price index.
Although not necessary for the characterizing the equilibrium, the log-linearized equation for the aggregate
profits is:

Prpr, = yy. — ™k (Ff + l;f) —wh (ﬁ) + iz)
(1—-¢)ypr, = y@t—a¢y<ff+7€t)—(1—a)<ﬂy(ﬂ]+~)
b = oo (o (k) — (- a)e (a+ 7))

7.7 Aggregate Resource Constraint

The aggregate resource constraint can be derived from the resource constraints of both type of households. Aggre-
gating over the Ricardian households one gets:

I
o

1

X 1 .
/ (Tf/ﬂb’t + wb’thz’t + ﬁPrt —Cpt — xb,t) di
r

rf (1= ke + (1 —D)wpihi, +Pry— (1-T) ey — (1-T)apy = 0

From the equilibrium in the capital and investment markets:

Tégkt + (1 — F) wbythf,’t + PI't - (]. — F) Cot — Tt = 0

From the definition of aggregate consumption one gets:

’I"fk‘t + (1 — F) wb,thg’t + PI‘t — Ct + FCa7t — Tt = 0

From the resource constraint of the Non-Ricardian agents:

T’fkt + (1 — F) wb7thi7t + PI‘t -+ Fwa,thfm — Xy = 0

Replacing the aggregate profits:

Tfkt + (1 - F) wb,thb,t + Yy — Tfkt —wihy — ¢ + Fwa,tha,t — Tt
Yt — Ct — Tt —+ (1 — F) wb,thf),t -+ Fwaﬁthiyt — 'Ll)tht =
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Finally the equilibrium conditions of the labor indexes markets imply that: h,; = T'hj ;, and hy; = Lhy ;. this
along with the non-profit condition of the aggregate labor agency (wihy — warhar — wprhp: = 0) gives the aggregate
resource constraint:

Linearizing:

8 Monetary Policy

The monetary authority acts according to the following rule:

i = pite—1+ (1 — ;) (Pnme + yTt) + €t

9 Technology

The technology evolves according to the following process:

Zir1 = P2t €y

10 Parametrization and Steady State

The linear approximation of the model equilibrium conditions (Appendix C) characterizes, along with the parameter
values and the steady state of the non-linear model, a linear rational expectations model of difference equations, the
solution of such model can be computed by means of the Klein (2000) algorithm (a generalization of the Blanchard
and Kahn (1980) algorithm). The next two sections discuss the parametrization of the model and the steady state.

10.1 Parametrization

The parametrization of the model follows closely the one proposed by Gali et al. (2004). In this way the elasticity
of output to capital («) is set to 1/3, a value taken for consistency with the US labor income share. The capital
depreciation rate (d) is set to 0.025, implying a 10% annual rate. The elasticity of the investment-capital ratio with
respect to Tobin’s QQ (¢) is set to unity. The elasticity of substitution among types of labor (7) is set to 6 in order to
get a steady state markup of 2 on the wages. As is shown below the elasticity of substitution between intermediate
goods () is chosen to obtain a steady state consumption to output ratio of 80% under the baseline parametrization.

As for the utility parameters, the subjective discount factor (8) is set to 0.99, implying a steady state real annual
interest rate of 4%. The relative risk aversion coefficient (o) and the Frisch elasticity coefficient (%) are both set to
unity. The scaling parameter y is chosen to obtain a steady state value for aggregate labor equal to 1/2, note that
this parameter has no direct impact over the linearized equilibrium conditions (Appendix C) and thus its exact
value only affects the models solution by changing the steady state.

The value for the share of Non-Ricardian households (I") is not an easy pick, and the interesting thing to do is
explore the implications of different values for the model dynamics, yet the baseline value for the parameter will
imply that 30% of the households are Non-Ricardian.

Lastly, values for the parameters that only affect the dynamic properties of the model, and not the steady
value of the variables, are chosen. The probabilities for price and wage adjustment (e,&,,&p) are all set to 3/4 ,
corresponding to an average price and wage duration of 4 quarters. The persistence of the technology shock p, is set
to 0.8. The persistence of the nominal interest rate in the Taylor rule (p;) is set to 0 in the baseline parametrization,
the other parameters of the Taylor rule are set in a way that the Taylor principle is satisfied (Woodford, 2001). The
response to changes in inflation (¢,) is set to 1.5 and the response to output deviations from its steady state value
(¢y) to 0. Since the only simulation exercises that are going to be carried on with the model are impulse response
functions the standard deviations of the two shocks (monetary and technological) are set to unity.

Table 1 summarizes this Section.
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Tab. 1: Baseline Parameters Values

Parameter Value Description

«@ 1/3 Output to capital elasticity

) 0.025 Capital depreciation rate

L 1 Investment-Capital ratio to Tobin’s Q elasticity

n 6 Elasticity of substitution between differentiated labor

0 - Elasticity of substitution between intermediate goods

B 0.99  Subjective discount factor

o 1 Relative risk aversion

0, 1 Inverse of the Frisch elasticity

X - Labor disutility scaling parameter

r 0.3 Share of Non-Ricardian households

€ 3/4 Probability of price adjustment

& 3/4 Probability of wage adjustment for Non-Ricardian households
& 3/4 Probability of wage adjustment for Ricardian households
Pz 0.8 Persistence of the technological shock

Di 0 Persistence of the Taylor rule

Gr 1.5 Nominal interest response to inflation

Py 0 Nominal interest response to output
O, 1 Technological shock standard deviation
O, 1 Monetary shock standard deviation

10.2 Steady State Non-Linear Equilibrium

It is assumed that the steady state inflation rate is zero and the level of the technological process is 1.

The optimality conditions in steady state are:

Labor Demand

Non-Ricardian FOC

Ricardian FOC

= 1
z 1
he = T-Zp
Wgq,
w
hy = (1-T)—h
b ( )wb
h = hlng~*
Ca = Wghg
n_ xhd
Wq = Y
nilcaa
i "
T ﬁc;[f
™ k Tp 1 [ Tb Ty
@ i {r Tl )+Q<¢<kb> 0 <kb> kbﬂ
1
Q f—
o(#)
zp
ky, = ¢<k>k‘b+(1—(5)kb
b
n_ xhy

wy =
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Firms FOC
y = zk®h'7®
k= apzketple
w = (1—a)pzk*h™¢
0—-1
L
Aggregate Conditions
y = c+zx
x = (1-D)xy
k= (1-D)k
c = Teg+(1-T)c
Pr = y—r*k—wh

From the Euler condition of the Ricardian household the steady state gross nominal interest rate is known:

From the capital accumulation equation one gets that in steady state the following condition must hold:

Ty = (5k‘b
Then from the optimality condition of the capital and the definition of Tobin’s Q one gets (Ricardian FOC):

Q =

rk =

Using the demand for capital (firms FOC):

1
E o\ a1
ko= ("> h
apz
Replacing on the demand for labor and the production function in the firms FOC one arrives at:

a

Tk a—1
w = (1—a)pz ()
apz

k O\ a=1
()
apz

From the definition of the aggregate capital and the aggregate investment:

k
Moo= 177

z = (1-T)x

From the optimal wage condition of the Non-Ricardian household and that households budget constraint, one
gets the following results given the parametrization ¢ = 1 and ¢ = 1:
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Wq = Lxhaca
n—1
Wq = U Xhawaha
n—1
1
n p)
he = [—
(n—lx>
Ca = wWghg

Using the definition of the aggregate labor index one has the Non-Ricardian labor in terms of the total labor:

= 1
hy = he "hT=—T
Then from the demands for each type of labor the respective wages can be obtained:
w
. = I'—h
w ™
I _r
wpy = (1-T)whg "hTT
From the optimal Ricardian wage the Ricardian consumption is:
n-lw
X1 hy
With the firms FOC and the definition of the aggregate profits one has:

Cp

Pro= (1-¢)y

All the variables depend now on the level of the aggregate labor. Replacing the previous results on the aggregate
resource constraint one solves the steady state by getting to a closed expression for the aggregate labor as a function
of the model parameters:

29—1_ o1
(1-T)? 2=hun ™

o4 1
k a—1 k a—1
z ( T ) - ( r ) —TIw
apz apz

It can be shown using the previous results that the aggregate consumption to output ratio is given by:

e _ o %a(5F)
y T+6-1

If a value € is desired for that ratio a value for  can be found that guarantees that result given values for 3, «
and §. 6 is chosen for calibration because it is not directly involved in the set of conditions that characterize the
linear equilibrium.? The value for theta is given by:

1
1— %3'26_1 (1 _E)
a Yy

Appendix D summarizes the steady state values of the model variables under the baseline parametrization.

2 The only equation that 6 affects is the log-linear approximation of the aggregate profits, nevertheless that equation enters the model
as a definition, and has no impact over the dynamics of variables other than the aggregate profits.
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Fig. 1: Responses to a unit shock to productivity

Productivity Output Capital Aggregate Con. Non-Ricardian Con. Ricardian Com.
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The response to the productivity shock is computed for I' = 0.3 (dotted line), I' = 0.6 (dashed line) and I’ = 0.9 (solid line).

11 Model Solution and Impulse Response Functions

As mentioned before the solution to the linearized model can be obtained by means of the Klein (2000) algorithm.
With the solution the impulse response functions -IRF- (and other characteristics of the model) can be computed.
Here the IRF to a unit shock to productivity (z;) and to a unit shock to the Taylor rule (e; +) are presented.> Both
are computed under the baseline parametrization but varying the composition of the households, this is done in
order to determine the effect of the parameter I" over the model dynamics. Three values for I" are considered: 30%,
60% and 90%.

Figure 1 presents the responses to the productivity shock and Figure 2 the responses to the monetary shock.

11.1 Productivity Shock

For most of the variables the composition of the households in the model has no effect over the direction of the
response to the productivity shock but only over the magnitude. For those variables the direction is the expected
from the usual New-Keynesian model without Non-Ricardian agents (see Gali (2008, Ch. 3, Ch. 6)). In response to
the productivity shock Tobin’s Q raises, then both the investment and the capital stock go above their steady state
values. The productivity lowers the marginal costs which leads to lower inflation, the monetary authority reacts to
this by lowering the interest rate as indicated by the Taylor rule.

The model also predicts a decrease in labor (both Ricardian and Non-Ricardian) in response to the productivity
shock. This goes in line with the evidence of Gali (1999) for the US economy.* The intuition behind the decrease
in labor rests in the nominal rigidities of the model, unlike the classic RBC model (Kydland and Prescott, 1982)
the shock cannot be transmitted immediately to the aggregate demand, this occurs mainly because of the price
rigidities that prevent the prices from falling enough to create the aggregate demand necessary to increase the firms
labor demand.® The response of labor to the productivity shock is then independent of the composition of the
households and occurs for both types of agents. As for capital rent, it goes below the steady state value despite the
increase in productivity because of the decrease in labor and the increase in capital referenced before.

3 The shock to the Taylor rule is intended as an expansionary monetary shock, then it implies a negative shock to €i,t-

4 Other evidence for the response of labor to technological shocks can be found for industrialized economies in Francis and Ramey
(2005), Gali and Rabanal (2005), Basu et al. (2006), Smets and Wouters (2007) and Gali (2010) among others. Gonzalez et al. (2011)
document this fact for the Colombian economy.

5 Smets and Wouters (2007) find that real rigidities as habit formation in consumption and capital adjustment costs also play an
important role in generating this result.
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Fig. 2: Responses to a unit shock to the Taylor rule

Productivity Output Capital Aggregate Con. Non-Ricardian Con. Ricardian Com.
1 3 0.2 3 4 2
il LEETP
0.5 o) 015 Loy 3/
of —M8M 3 0.1 2 M
A
1
-0.5 0.05 1
-1 0 0 0
0 10 20 0 10 20 0 10 20 20 0 10 20 20
Interest Rate Inflation Rate Investment Aggregate Labor Non-Ricardian Labor Ricardian Labor
0 0.3 2 4 4
-0.2 3 0.2 3 A
B\ A 21 A\
-0.4 01t 3 2\
-0.6 0 1 °
-0.8 -0.1 0 -2
0 10 20 [¢] 10 20 20 0 10 20 o] 10 20 20
Capital Rent Marginal Cost Tobin Q Average Wage Non-Ricardian Wage Ricardian Wage
4 15 2 0.05 — === 015 0.05 oo
_ B
D 1 4 0.1
213\ A 1
: 0.5) ) 0 0.05 R
55~
0 0 ° 0 -0.1
-2 -0.5 -1 0.05 -0.05 -0.15
0 10 20 0 10 20 [¢] 10 20 0 10 20 0 10 20 0 10 20
N.R Nom. Wage Inf. R. Nom. Wage Inf. Profits
0.3 03 2
0.2 0.2
A 0
01 0.1 .
. ol 4
0 0 i
-0.1 -0.1 -4
0 10 20 [¢] 10 20 0 10 20

The response to the monetary shock is computed for I' = 0.3 (dotted line), I' = 0.6 (dashed line) and I' = 0.9 (solid line).

The behavior of labor when facing the productivity shock is shown to have a different effect over consumption
depending on whether or not the agent is Ricardian. For Non-Ricardian agents the decrease in the labor demand
they face implies a decrease in consumption, which follows directly from the lower labor income. On the other
hand Ricardian consumption goes above its steady state value, as in the classical RBC model or the standard
New-Keynesian model without Non-Ricardian agents. What happens is that the increase in productivity, along
with the decrease in the interest rate generates incentives for increasing current consumption, this is financed with
the profits that are transferred to the Ricardian agents, recall that the Non-Ricardian agents don’t have access to
this source of income.

The real wages behave differently because of the decision of the households over the nominal wages. Since
the shock induces a decrease in labor demand, the households, that behave as monopolists in the labor market,
will lower the nominal wage trying to increase the demand. This is true for both types of households as can be
seen in the responses of the nominal wage inflation. The difference is that the decrease in consumption makes the
Non-Ricardian households to induce a nominal wage inflation lower that the one of the the Ricardian agents, this
explains the behavior of the real wages.

It is important to note that inflation responds much more strongly to the shock as the share of Non-Ricardian
agents raises, this is explained by the change in the relative importance of their consumption for aggregate demand.
Because Non-Ricardian consumption falls in response to the productivity shock, the aggregates demand response
to the shock is affected when the share of those agents is altered. When I" = 0.9 aggregate demand gets to fall in
response to the shock (output and aggregate consumption fall), this induces a downward pressure over prices, in
addition to that of the improvement in technology, this is why inflation ends up decreasing more as the proportion
of Non-Ricardian households raises. As a secondary effect the interest rate also reacts more strongly and the real
wages increase.

11.2 Monetary Shock

In response to an expansionary monetary shock the interest rate falls below its steady state value independently
of the households composition. The decrease in the nominal interest rate creates incentives for the Ricardian
households to increase their demand in both consumption and investment, this extra demand has various effects:
the firms face upward pressures in the demand for their goods and then proceed to increase their prices, this causes
inflation. Firms are also willing to produce more so that the extra demand can be matched, this extra production
makes necessary to rent more capital and hire more labor.
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The extra labor demand is supplied by the households at a higher nominal wage (as is expected because of their
monopolistic behavior), and more importantly it allows the Non-Ricardian households to increase their consumption,
their labor income is then increasing. The extra labor affects capitals marginal productivity, raising the capital rent
rate and Tobin’s Q. Although the real wage falls at impact in response to the shock (because of the rise in inflation),
the increase in the capital rent rate is enough to drive upward the marginal costs, this confirms the inflationary
pressures originated in the Ricardian households desire to increase consumption and investment.

The response of most of the variables to the monetary shock is virtually independent of the composition of
the households, besides some minor changes in the magnitude of the response. The responses obtained are also
qualitatively very similar to the ones presented in the New-Keynesian model without rule of thumb consumers (Gali,
2008), in contrast to the technology shock in which some of the responses depended strongly in the value of the
parameter I'.



A New Keynesian Wage Phillips Curve 17

A New Keynesian Wage Phillips Curve

Following Erceg et al. (2000) and Gali (2008) the following is the problem of sticky wages a la Calvo (1983).

A.1 Labor Demand

Recall from the problem of the labor agency the following results:
The demand for each type of differentiated labor and the wage index are given by:

1 i—n

N
hji= (wﬂt> h and wy = /(wj,t)l_nd
Wy

0

Finally, given that in equilibrium a portion ¢ of the wages cannot be adjusted optimally one gets:
1

o= e (0]

Linearizing:
=Wy + (1= &) wy

A.2 Household problem and wage setting

There is a continuum of households indexed by je (0, 1), each household supplies one of the varieties of labor h ,,
the problem of the household is then to choose a nominal wage that maximizes its utility subject to its resource
constraint and the labor demand for its variety of labor. Nevertheless, a household can only decide over its wage
optimally with probability &, if the household cannot choose optimally its wage then it is kept unaltered until the
signal for optimal adjustment is received by the household.

The problem to solve in a given period t in which optimization is allowed is:

Max Z (BE) U (jiris hjti)

Wit i=0
S.T
0 = wjihjiri — PiyiCiys
-7

W
gt

hjivi = ( ) hiyi
Wt4-4

The firs order condition for the problem is given by:

3 e T AL o I
g(ﬁﬁ)i l/\j,tﬂ' <hj,t+i — ;e (wj) " (w;i)_" ht+i>‘|

—2 (BE" | mUn (¢jats hjara) (wye) " (h;)n ht+i‘| = 0

i (BE)" jyrrs {Aj,mwj,t + %Uh (Cj,t+uhj,t+z‘)} =0

In the last expression A; ;4 is the Lagrange multiplier of the resource constraint, from other optimality conditions

one gets that A\;1; = % One also knows that all the households that choose over their wages in period

o
“t” face the same problem, then for all of them one gets: w;; = w;. The first order condition is now expressed as:
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oo

i Ue (CjiriMjiri) n
E (BE)" hjtti [ : " A U (¢jt+irhjesd)| = 0
=0 b g
§ ] t+z (CJ t+is T, t+z) o MRS] t+i = 0
= Py - 1
where MRS; , = — fa{cattihicey

In the last expression the ratio between the marginal disutility of labor and the marginal utility of consumption
is defined as the marginal rate of substitution between labor and consumption and denoted as MRS; ;. Note

that if the household could choose its wage every period (i.e. £ = 0) then the real wage (“’—z) would be equal to

MRS ;. The last result indicates that in the absence of nominal rigidities the wage would be a markup over

n
the cost for the household (its marginal rate of substitution), that markup would be constant and equal to %,
thus the desired frictionless markup is denoted as M., = %

Below the first order condition is linearized around a zero inflation steady state (note that in steady state
% =35 =MyMRS:

D (B hjurilhe (cierisjayi) [;’i -M MRSJ7t+l:| =0
1=0 v
> (B¢ [ -M MRS} ( joii +Ue t+z) +> (B8 W, [% (Wf — Prti) — MwMRSHerj,tH} =0
=0 =0

> (B W] — Pryi — mits;jpyi] = 0
i=0

Noting that @w; doesn’t depend in the subindex ¢ one gets:

(Bf)i [De+i + mrs; 144

gk

W= (1)

I
o

7

It is now necessary to assume a functional form for the utility:

1— 1+9
U, — i _thi
G 1—0 1+

The functional form assumed above is separable between consumption and labor, in that way, and thanks
to Arrow-Debreau securities available to the household, the level of consumption (and the marginal utility of
consumption) of a particular household is independent of the wage prevailing for its type of labor. In equilibrium
the aggregate level of consumption is equal to the consumption level of each household (i.e. ¢; = ¢;¢).

The marginal rate of substitution is then:

U xhj
MRS;; = —— =2
J,t uc ct_U
The log linear approximation for the MRS; is:
HfI‘Sj’t = ﬁﬁj}t + oct
The average MRS is defined as:
HfI'St = ﬂilt + O'ét

Expressing in terms of the average MRS:

mrs;; = mrsy + o (ﬁj,t - ilt)
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Recalling the labor demand and linearizing:

. -n N -
hj,t = (wj’t> ht and hj,t — ht =-nN (’L'[);k — ’lZ)t)

Substituting in the MRS:

mrs;; = mrsy — N (W] — W0y)

Substituting household’s “j” marginal rate of substitution in the optimal wage equation:
wy = (1-p¢) Z (BE)" [Pri + 1018 4 44]
i=0
@ = (1=BE) D (B [Brys + mivsiss — 0t (0] — i)
=0

W = (1= (BE) [Pri + nirse . + i) — (1— BE) D (BE) iy
=0

=0

wi = (1-p¢) Z (BE)" [Bos + wivsy s + niide ] — (1 — I ﬁf
=0

5= (2 (/3«5) (1470 @i — (@i — ) — mivse]

t 1+7719 t+i t+i — Pt+i t+i

1=

Defining the gross average markup as the ratio between the real wage and the average marginal rate of substi-
tution and linearizing one gets the following expression:

Wi /p,
Mut = §Rs,
frwt = (W — py) — mirsy
Substituting in the optimal wage equation:
. 1- B¢\ « i . _
* = (1 0 P —
i = (1) 2 00 0+ )~

The last expression is rewritten recursively as:

Wy = P&y, + (1 —B¢E) [u?t — H1m9/1w,t]

Now recalling the definition of the average wage and substituting the optimal wage:

B o= €0+ (- €0

i 5m4+uapw%+u&ﬂ@1;ﬁm4]
(@ i1) = (1= €8 (0 - 00) - e
(i) = (=98 (g (e - - @) - LIS,
(@ = 1) = B0 = 1) S T

wo= - ST,

The last equations is the New Keynesian Wage Phillips Curve, where the wage inflation is given by the log
difference of the nominal wage.
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B New Keynesian Phillips Curve

Following Gali (2008) the following is the problem of sticky wages a la Calvo (1983).

B.1 Demand for differentiated goods
Recall from the problem of the final good aggregator that the demand for each type of intermediate good is given

by y
ve (J) = (Bé)) Y

P = (P (5)" " dj
/

and the aggregate price index by:

B.2 Firm price setting problem

The intermediate goods producers must decide the price and the demand for factors that maximize their profits
subject to the demand for its type of product, Calvo rigidities on prices and its production function.

Then the profit maximization problem in nominal terms for a firm that is allowed to decide optimally its price
in period “t” is the following, defining CMG; as the nominal marginal cost of the firm, and ﬂi’\;\—ji as the relevant
discount factor for the firm:

11\_4(3?)4 Z e¢'p A;Jtrz (Pt+1i(j) veti (4) — CMGipiveti)
S.t L,
vy () = (W) Yiti
Pi(j) = F
Max > (B’ Atti ((P0)19< ! )03/ CMG ( i )ey )
pe(4) At ‘ Piy e I\ Prg "

The first order condition for the optimal price is given by:

Mo o/ 1 \7° o1/ 1\
0 = Z(Eﬂ) :t’ <(19) (F) 9<Pt+i> Yii + 6OMGe: (F) 0 1<Pt+i> YHZ)

i A ( Py )9 ( Py Pm)
0 = € —_ Y — MMC;;
Z( 2 At \ Py AP P

In the previous expression M = 575 and MC; = CMG”
The log-lineal approximation around a zero mﬂatlon bteady state is:

0 = (P MMC— ) [)\tJrz — X+ t+z}

JFZ €)' <2;3 —Pr-1] — MMC [Mctti + Drti — Di— 1]>

0 = Z (55)2 ([Z?N — Pt 1] [mct+i + Piyi — ptfl])
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0 = =<5 [P — Pr—1] — 2 (€B)’ [micesi + Pryi — Pr—1]
0 = ﬁ by —Inp® — (pr—1 — I P)] =Y (eB)' [mcryi —ImMC + (pryi —InP) = (pr—1 — In P)]
0 = ﬁ [p? — pe—1] — Z (€)' [meryi + p+ pryi — pri]

It will be useful to express the later equation in terms of the difference between the optimal and lagged price
level:

pi—pi-1 = (1—¢€p) Z (€)' [merys + p+ prai — pe-1]
=0
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From the expression for the aggregate price one gets in log-linear form:

pr = epi1+(1—€)py
o= (1—¢€) (pf —pe-1)
1
p?_pt—l 1—67Tt

Combining the last two results it is possible to obtain the Phillips Curve:
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C Linear Equilibrium

The following is a list of the models variables and linearized equilibrium conditions:
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D Steady State

Given the parametrization used in the simulation of the model (o = 1 and ¥ = 1) the values of the steady state
variables is given by the following equations:
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