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1 Model and Assumptions

Let x, be a strictly stationary stochastic process defined on a probability space (2, F, P) and taking values
in RY. Let Ff= o0 (x, : 1 <t <k) be the sigma field generated by {Xt}f:l . The strong mixing coefficient
Q,, 1s defined as
Q= sup |P(ANB)— P (A)P(B).
AeFO ,BEF

The process x, is called strongly mixing (Doukhan, 1994) if a,,, — 0 as m — co.

Let (y:, X¢) be macroeconomic variables measurable with respect to F¢ for some —co < a < t. If y,
is strongly mixing then also (y;, X;) are strongly mixing. We will refer to y; as the outcome variable and
X; as the running variable. As in Hahn, Todd and Van der Klaauw (2001), consider the sharp regression

discontinuity design where the policy Dy is enacted if X; crosses a threshold c,
D=1 {Xt > C} .

The setup is flexible enough to include cases where y; = X;. This situation may occur when past realiza-
tions of the outcome variable are used to trigger the policy D;. HT'V demonstrate under what conditions
a regression discontinuity design can be used to identify treatment effects in the potential outcomes
framework of Rubin (1974). Here we show how to identify non-linear impulse response functions using

regression discontinuity designs. Recall that the outcome variable y;;; can be represented as

yevj = Frj (0,%x;) + 07 (x) Dy

Because y; is strictly stationary it follows that the marginal and conditional distributions of Fj ; (0, x;)
and 9? (x;) depend only on the horizon j but not on ¢. In order to define the treatment effect of interest

we impose the following assumption which is similar to Assumption Al in HTV.

Assumption 1 The expectations E [Fy ; (0,x;)|X; = x] and E[Fj (1,x;)|X; = ] exist and are contin-

uwous in x at ¢ for all j > 1.

Assumption [I]is stronger than Assumption A1 in HT'V in the sense that we not only require continuity
of the conditional mean of Fj ; (0, x;) but also of that of F} ; (1, x;) . On the other hand, we do not assume
that HJ-D (x;) is a fixed constant.

The parameter of interest is the expectation of the impulse response GJD (x;) conditional on X; = ¢,
given by

0j(c)=E [9? (x¢) [ Xt = c] .



The parameter 60, (c) is well defined by Assumption [l and can be estimated by local linear regression
(LLR) as advocated in HT'V. LLR goes back to Fan (1992) and was studied in the context of regression
discontinuity designs in HTV and Porter (2003). Masry and Fan (1997) establish asymptotic properties
as well as bandwidth selection rules for LLR with dependent data. HT'V propose to estimate 6, (c) with
two separate LLR on the subsamples where D; =1 and D; = 0.

As noted in the proof of Theorem 1 and 1’ of Hahn, Todd and Van der Klaauw (1999) (henceforth
HTV99), the asymptotic distribution for the combined estimator of 6; (c) can be easily obtained in the
case of cross-sectional samples because the subsamples where D; = 0 and D; = 1 are independent.
This is clearly not the case in the context of time series data considered here. Imbens and Lemieux
(2008) note that the combined method of HT'V can be represented in a numerically equivalent regression
using appropriate dummies and interaction terms. The advantage of their formulation in our context
is that it automatically produces joint inference that accounts for the (temporal) dependence in our
data. An additional complication that arises in our case is the fact that we are also interested in the
joint distribution of estimators of all 6 (c) for j = 0, ..., J. Neither the RD design nor the inclusion of
multiple outcomes does directly correspond to the model considered in Masry and Fan (1997). T The
necessary extensions are given here. Thus, let a = (ay,...,a;5), b = (by,...,b5), v = (71,...,7;) and
0= (01(c),....0;(c)). Extending Imbens and Lemieux (2008) define the estimator # of the parameter 6
as the solution to

T—J

N : Xy —c
(a,b,’y,G) :argl;)ménz (ytﬂ-—aj—bj (Xt —¢) = 0Dy —v; (X¢ —¢) Dt)QK ( th >
GOTT =1 t=1

where K (.) > 0 is a kernel function and h is a bandwidth parameter, both to be specified in more
detail below. Let II = (a,b,6,7), be a J x 4 matrix of parameters, Y; = (yi11,...,9:1+7) and Z; =
(1,(X¢ —¢), Dy, (X; — ¢) D;)' . Now define the data-matrices Y = (Y1,...Yr_;)", Z = (Z1,...Z7p_ ;) and
W =diag (K (X1 —¢)/h),.... K (X7—s —¢) /h)). Then,

veell' = (1, (ZWZ2) ™' ZW ) vecY

where I; is the J x J dimensional identity matrix. The expression for I is formally the same as for
weighted least squares in a system of seemingly unrelated regressions (SUR) and indicates in particular
that @j for a particular horizon j can be obtained by an individual weighted least squares regression
for that horizon with the weights given by the kernel function. However, for joint inference on 6 the
joint distribution of these estimators needs to be derived. The following assumptions correspond to

assumptions made in Masry and Fan (1997).



Assumption 2 (i)Let f(x) be the marginal distribution of X;. Assume that f(x) is continuous and
bounded.

(1) | fi (u,v) — f(u)f(v)] < M < oo for alll > 0 where f (u,v) is the joint density of Xo and Xj.

(iii) The process x, is strong mizing with y ~_, maoz,lnd/& < oo for some 6 >2 and a >1—2/§.

(iv) The kernel function K(.) is a bounded density function satisfying u**t?K (u) — 0 as |u| — oco.

Assumption 3 (i) The kernel K (.) is bounded with bounded support [—1,1].

(ii) Assume that fi (u,v) < My and E {y% + y]2-|X0 =u,X; = v] < M5 < oo for alll and u,v in a neigh-
borhood of c.

(iii) Let X (x) = Var (Y| Xy = x) and assume that X (x) is positive definite and bounded for all x. For
d>2asin Assumption@, E “yllé | X = u} < M3 < oo for all u in a neighborhood of c.

(iv) assume hy — 0 and Thy — co. (we often used the notation h instead of hr). Assume that there is

a sequence st > 0 such that sy — 0o and sp = o ((ThT)l/Q) such that (T/hT)l/2 g, =0 as T — oo.

An additional set of technical assumptions specific to the RD estimator are similar to assumptions
made in HTV.

Assumption 4 Let mj (z) = E [yi1| X¢ = 2], mj (xg) = lim, ot B (Y45 Xt = x] and

—

m; (wo) = lm E [y X = 2].

CE—)JIO

For x > ¢, assume that mj (x) 1is twice continuously differentiable with uniformly bounded derivatives
mj—l— ( ;{-i—

formly bounded derivatives m;_ (x) ,m;-/_ (x) on (c—M,c) for some M. Let T (xg) = limxﬁxg Var (V3| X = z),

Y7 (zo) = limxﬁ%f Var (Y| Xy = z) and assume that S (xq), X~ (z0) positive definite for xg = c.

z),m;" (z) on (c,c+ M]. Similarly, for x < c, m; (z) is twice continuously differentiable with uni-

2 Results

This section summarizes the results for the identification of the impulse response function and the asymp-
totic distribution of vec IT" and of individual components of this vector. In particular the joint distribution
of the impulse response function ¢ as well as of individual components 6 is of interest. The latter are
useful for optimal bandwidth selection which leads to similar results as in Masry and Fan (1997) and
Imbens and Kalyanaraman (2012).

We start with a result on the identification of the impulse response function.



Theorem 5 Assume that there is a non-random function g : RY — R of x, such that g(x,) = X; and c
is a known threshold. Let Dy = 1{Xy > c}. If Assumption holds, it follows that

0j(c) = lim E[yp;| Xy =] — lim E [y, X = ]
z—ct T—c

Assume that there exists at least one continuous path € (8) : [0,00) — R such that g (x; +¢(5)) —
g(x¢) = 0 for all § > 0 and €(0) = 0.Assume that E[Fy; (D¢, x;) |x; = 2] is continuous in x a.s.,
|E [Fij (D, xe) Ixell < B (xe) and E[B (x;) |X¢ = ] < o0 a.s. Let 0 (e, x;) = Fij (Di (x¢ +€),x¢ +€) —
Fy; (D¢ (x¢) s X¢) - Then it follows that

03 ) = Tim B 10; (= 6) ) 10 = o]
Remark 1 Note that the local conditional independence assumption used in HTV, Theorem 2 is not

needed here because we only consider sharp regression discontinuity designs.

We introduce the following notation needed for the statements of the asymptotic distributions. Let
= [0, 1{u> 0}* 'K (u) du and define the matrix
Hoo Hio Ho1 Hi1
Hio Moo Hi11 H21
Hor M1 Mol H1ua
M1 Ho1 M1 H21

Let v = [;°u'K? (u) du and v; = ff’oo u'K? (u) du and define the matrices

V+ — Ua_ /Ul ’ V_ — UO /Ul_ ’
v v vy vy
and
Ot — vt v+t V=0
vt v |’ 0 0
Also define 0
A =1{k= 0}/ ut2K (u) du
and



and let A= = (AaO,Al_O,Ao_l,Al_l)/ and similarly for AT = (Ago,Afo,Aarl,Aﬁ)’ as well as m"~ (¢) =

(mg~ (¢) sy my™ (c))/ and similarly for m”* (¢). With this notation we can now state the first result.

Theorem 6 Assume that Assumptions GK: additional reqg conditions as in C4 of MF96 are not
assumed because of the RD design - double check that this is not causing problems] hold and that h =
O (T~1/5). Let Hy = diag (1,h~',h=',1) . Then,

. h?
VTh <HT vec (H’ — H’) -5 (m"~ () @T A~ +m"" () ® F_1A+)>

—a N (0, fOEH et 42 (0@ r*lsrr’*l))
as T — oo.

It is interesting to note that the product structure of the asymptotic variance covariance matrix is
similar to systems estimators with iid errors even though we have not made any such assumptions. The
next result considers the marginal limiting distribution of 6. Let b be the third element of I=*A*, b~
the third element of I"'A~, w™ the third diagonal element of I~'Q*I’~! and w~ the third diagonal
element of I~1Q~TV~1,

Theorem 7 Assume that Assumptions hold and that h = O (T_1/5) . Then,

VTh (é - h; (m"~ (¢) b~ +m"* (c) b+)> —a N (o, FO 7 (5 (Qw + 37 (o) w))

as T — oco.

Finally, consider the limiting distribution of an individual impulse coefficient @j for the response
at horizon j. In this case, let J?H- (¢) be the corresponding diagonal element of 7 (¢) and O'%j (c) the

corresponding diagonal element of X~ (¢) . We obtain the following result.

Theorem 8 Assume that Assumptions hold and that h = O (T*1/5) . Then,

VTh (@j —0; — n (m’.’_ (e)b™ +mf* (c) b*)) —a N (0, Fle) (0% (@wm +0%;(c) w*))

2 J J
as T — oo.

The results in Theorem [7| and |8 can be used to obtain optimal bandwidth rules analogous to the
ones obtained by Masry and Fan (1997) and Imbens and Kalyanaraman (2012). Since we are often

interested in joint estimation of the impulse response function 6 it makes sense to consider the average



means squared error across all impulse response coefficients. Let A € R/*! with ||A|| = 1. For example,
we consider equal weights A = 1;/J where 1, is a vector of length a with all elements set equal to one.
A second case of interest is A = e; where e; is the j-th unit vector in R7*1. Then, X 0 is the weighted
average of the impulse response coefficients with bias

h2

?)\/ (m"~ (e)b™ +m"" (c)b")

and variance
NE™ (e) dw™ + XET (¢) Aw™

hTf (c)

The optimal bandwidth is obtained by minimizing the asymptotic mean squared error with respect to h

and given as

_ < NS~ (e) dw™ + NEF (¢) dwt )1/5T_1/5
T\ (X (= (0) b+ mit () b)) '

For a given horizon j this formula specializes to

1/5
2 + 2 -
hopes = ol (w402, (c)w i -1/
£ () (m;'* () b=+ mi* () b+)
Note that we are not assuming b~ = —b*. However, with a symetric kernel it follows that b~ = —b™ and
wt = w™. The bandwidth formula the futher simplifies to
1/5
1/5 2 2
hopes — (w) / PO R IIC R e
) 7 (@) (m)~ () = mi* (c)

which corresponds to the plug in formula of Imbens and Kalyanaraman (2012). For example, for the
Bartlett kernel K (u) = (1 — |u|) 1 {|u|] < 1} it can be shown that wt =w™ =24/5 and b~ = —b" = 1/10
which leads to <w+/ (b‘)2> v =2 (15)1/5 ~ 3.4375 which is the same as the constant obtained in Imbens
and Kalyanaraman (2012).

3 Proofs
Proof of Theorem The proof of the first part closely follows the argument in HTV. First note that

E [y Xt = 2] = E [yey5l9 (x¢) = 2] -



Using the representation for y.4; one obtains yi4; = Fiy; (0, x,) + QJD (x¢) Dt

E [yr+jlg (i) = 2] = E [Fiij (0, x;) + 07 (x;) Dt () |9 (xs) = ]

Since Dy (x;) = 1 conditional on g (x;) = = > ¢ and Dy (x;) = 0 conditional on g (x;) = = < ¢ we obtain
for all z > ¢ that

E [yes5lg () = 2] = E [Fiy (0,x0) |9 (xe) = 2] + E [07 (x0) |9 (x2) = 2]

and for all z < ¢ that

Eytjlg (xe) = 2] = E [Fry5 (0, x0) |9 (x¢) = 2]

By Assumption |1|it follows that lim, . £ [Fi4; (0, x¢) |9 (x;) = ] = limgqe E [Fiyj (0, x4) |9 (x¢) = x] and
limg. B [07 (x¢) |9 (x) = 2] = limge B [07 (x,) 19 (xe) = ] = E[07 (x¢) |9 (x;) = ¢] . The first result

now follows.
For the second part of the Theorem note that 6; (e (), x;) = Fiyj (De(x; +€(9)),x; +€(9)) —
Fitj (Dt (x4) » x¢) and for § > 0,

E [ej (e(),x4)|Xe=¢c] = E [Ft+j (Dt (x¢ +€(0)) ,x¢ +€(9)) — Fyyj (Dt (xt) » xe) | X = ]
= E[F4;(Lxi+e(9) | Xe = = E[Ft; (0,x,) [ Xe =]

Consider
ElF;(L,x; +€(0)) [ Xy = = E[E[Fiy (LX) [x = x; + € (0)] [ Xe = ].

By the assumption of continuity, limsjo £ [Fi; (1, x) |[x = x; +€(0)] = E[Fi+; (1,x) |[x = x¢) a.s. and
|E [Frtj (1, x) |x = x¢ +€(0)]] < B(x,) with E[|B (x;)| | Xt = ¢] < 0. Then it follows from the Lebesque
Convergence Theorem (see Royden, 1988, p.91) that

i B [Feyj (1 X +e () [ X = o = E[Fy; (1,x) | X1 = ] as.

and the result follows from the definition of 0? (x¢). m
Proof of Theorem Note that, similar to Masry and Fan (1997, p.168) the estimator vec Il can

be written as

vee (Hrll') = (1@ Hy)veell' = (I & Hy (ZW2) ™ Z'W ) vecY

= (1@ (HrZ'WZH) ™ HrZ'W ) vecY



First consider the matrix

(Th) ™' HpZ'W ZHyp

1 Xt};c Dt X?:th
s S| G RO () D (%)
t=2 Dy (Xth_c) Dy Dy %Dt h
—C t—C 2 t—C t—C 2
L X% Dy (Xh )‘Dt Xh Dy (Xh )‘Dt_
Using results from HTV and Masry and Fan (1997, Theorem 1) one finds that
Xe—ce\' (X — >0
hlE ( = C) K( - C)] :f(c)/ W'K () du+ oy, (1) for I =0,1,2. (1)
where o, (1) — 0 as h — 0. Similarly,
Xi—c\' (X - o0
hlE Dt< " C) K( " C)] _f(c)/ WK (u)du+ oy, (1) for 1 =0,1,2. 2)
0

Let py, = [70 1{u > 0}* u! K (u) du, which implies that for h — 0 such that hT — co that
(Th)™' E [HrZ'WZHr) = f (c)T.

It follows from Masry and Fan (1997, Theorem 1) that

Th Var

(Th)™" TZ_J <Xth_ C)l K (Xth_ c)] s £ (¢) Vo for 1 =0,1,2. (3)
t=1

where ¥, = [*°_u!K? (u) du. For

u
00

X, —c\' /X, —
= (M) x (M)

it remains to consider

Th Var

T—J
(Th)™" > &
t=1

T—J T—J .
= (Th) " Var (&) + 2071 <1 - %) Cov (&,€14,) (4)
t=1 j=1



where by it follows that

h=1Var (5@) - n'E

_h(E

= h'E

D, <Xth_ C>2l K2 (Xth_ c>] (5)
(1555
o (55 (552

= f(e) /Ooou2lK2 (u)du + op (1).

For the covariance term in follow Masry and Fan (1997) and choose dr such that dr — oo and
drh — 0. Then,

3 oo (6 )| <7 Do () #1703 feor(dhetn)] @
=1 j=1 j=dr+1

where
B [del]|

/Zl{v>c}1{u>c} (U;C)Z(U;C>1K<U;C)K<u;c> £ () duds

— K2

and therefore

h_2

<[
/Zl{v>c}<vgc>lh1K<vgc>f(v)dv
RN CSCS

where the first inequality follows from Assumption [2[ii) and the second inequality follows from (2). By

E

o, (X0 (S ) o (557 (59

(U;c)l (“;C)ZK (”;c) K u?)‘\fg’ (u,0) — f (u) f (v)| dudv

2

_l’_

2

dv>2+ 'f(c)/oooulK(u)du+0h(1)

10



a change of variables we have

INCSDCS

by Assumption [2{iv). Also note

—00 0 0

[Cov (4, ¢hs)| < |2 [eieias ]| + |2 ]| 2 [ ]

where )

w2 e [el] || £ [ = <f @ [ i du) Con ()
by . This implies that

dr
Y ‘Cov (55,5@)‘ < hdrM = o0(1).
j=1

dv:/oo ‘ulK(u)‘dv:/ooulK(u)dv—i—/ooulK(—u)dvSM

(7)

For the second term in @ use the mixing inequality in Hall and Heyde (1980, Corollary A2), also given

in Masry and Fan (1997, p.171) whereby

j2 ’Cov <6117£11+j>’ < 8a;_2/6E “hlgllﬂ 2/6

Since

o (55 (5
= /O; 1(u>c¢)

E Uh—lggﬂ - E

[e.e] _ l —
< sgpj"(u)/ooh‘S (uhc)K(uhC) du
o0 4
= sup f (u) h_5+1/ ‘ulK (u)‘ du
< sup f (u)sup K (u)° "t R0t / |u]51 K (u)du
< Mh—(H—l

(45 o (55) o

(8)

where the first inequality follows from Assumption (i), the second inequality follows from Assumption

(iv) and the last inequality similarly follows from Assumption [2[(iv). Substituting (9) in leads to,

11



using the same argument as in Mazry and Fan (1997, p.172), i.e. taking h!=2/9d% = 1 such that hd} — 0
holds,

T—J T—J

n Z ‘COV (§l17§l1+j)’ < h8MZ/Op—2t2/0 Z a;—z/a (10)
Jmdret Jj=dr+1
T—J
< SMORTIRRge KT a0 =0 (1).
j=dr+1

Together, @, and implies that

Th Var

T—J o
(Th)™ ) d] = /(o) /0 u'K? (u) du + o5, (1) . (11)
t=2

By and it follows that
(Th)"' HpZ'W ZHyp —, T

and that

VThvee (Hr (0 =1)) = (1 @ Th (HrZ'WZHr) " (Th)™"/ Hp Z'W ) vee (¥ — Z1T)

= (L, ® (f (c) F)—l) (IJ ® (Th)" /2 HTZ’W> vec (Y — ZIT) + 0, (1).
The term (I; ® T_l/QHTZ’W) vecY is analyzed next. Note that

o | HrZi(ye — Zimo) K (55=)

(I ® (Th)™/? HTZ’W) vee (Y — ZIU') = (Th)~*/? Z

t=1 _
HrZy (yryg — Zimy) K (545)

where 7; is the j-th column of IT". As in HTV and Assumptionlet mj () = E [yi5| Xy = 2], m;“ (x0) =
hmx—mg E [yi4j|X¢ = 2] and m; (z0) = limz_mg E [ye4j|Xe = a] . It follows that E (y45|Xi) = m; (X¢) (1 — D)+
mj' (X1) Dy = m; (X3) + <mj' (Xy) — m; (Xt)> D;. This implies that

By | X4 — Zimo = m (X2) —aj — by (X — ¢) + (mj (X0) = m (X0) = 05— v; (X — c)) D;.

12



Following HTV, define

¢j(x) = mj_(x)—aj—bj(x—c)—i—<m;(m)—mj_(:c)—6?j—'yj(a:—c))l(x>c)

1/2m" (- e)t — 1/2 (m;’+ () — )~ (x)) (z—c)?1l(z>c).

It follows that

Elys —zm) = FEI[E yt+g\Xt] — 24mo)
- £l 091 (0w 2]
_ E[l/z( (”+(x) m (x)))(x—c)21(x>c)+<j(x)]

where Sup,c(.—p cqn] ‘(j (x)| =0 (h2) . We then have

T—J

o Z HrZ (y; — zmo) K (Xth_ C)]

t=2T

tZZ:TH rZem" (X)) (X; — ) K(Xth C>]

1Y iz, ((mi (x0) == (3x0)) 10X > o)) (Xt—ch(Xth_C)]

t=2T

- TZ] HrZ(j (z) K <Xth_ C>]

t=2T

where the elements in HpZ; are (X, — ¢) /h)' DF for k,1 € {0,1}. It follows by similar arguments as in
HTYV that

(Xth_ C)l Df {1/2m" (X0 + 1/2 (m* (X0) = (X)) 1(X; > 0} (X = ) K <Xth_ C)]

— 12 (m;’* () Ay +m* () Afk) () B2 + o (h2).

13



For example, by a change of variables, one obtains

hlE

(Xth_ C>l Dim"™ (X)) (1= 1(X; > ¢)) (Xi — ¢)* K (Xth_ C>]

= n? /u2+lm"_ (uh + ¢) 1 (uh > 0)* 1 (uh < 0) K (u) f (uh + ¢) du

0
= B (c) f(c)1{k = 0}/ MK (u) du + oy, (h?) = mj~ (c) f (c) AR+ 0 (h?).

Similarly,

= h? / W (uh + ¢) 1 (uh > 0) K (u) f (uh + ¢) du

= B*m"" (c) f () /000 MK (u) du + oy, (h?) = m;.'+ (c) f (c) Ajh? + 0 (h?).

The asymptotic bias of the score can now be written as

T—J
E|(Th) S HrZi (s — zm0) K (Xth C)] _1 (m;.’— () A~ +m!* (c) A+) F(e)h? +op (h2).
t=2T

Furthermore,
_1 1 _ _
E [(I ® (Th) HTZ’W) vec (Y — ZH’)] =S (M (@A +m" () @ AT) f () h + op (h?)

where m”~ (¢) = (mfy~ (¢) ..., ms” (¢))" and similarly for m” (c) .

Let m; (z) = E [y44+7]| X = x] . Next consider, as Masry and Fan (1997, p. 169),
vy | HrZi(ye —mo (X0) K (%47°)
Qr=(Th)™* Y

t=1 _
HrZy (yerg —my (Xp)) K (2579)

where the sum is over typical elements of the form

oo (Xeze sz s (X)) R (2N for ke {0.1
L=\ T ¢ (Y —my (X)) —— ) ford, e {0,1}
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Fix a vector A € R*/* with ||| = 1. Then,

T—J

J
NQr=(T/n) 2y 3 3 A&y = T/~ Zf

1
t=1 =0 1,k=0

. . . . Y , A/
where §;, = Z] OZlk 0)‘gk tlk" Let Aip = ()\?k‘7"'7)\2£/‘)7 N = ()‘(])07)‘{07)‘{)17)‘]11) ;A= </\0 a--w)‘J)
and m (X;) = (mg (X¢),...,mz (X¢)) . First consider

hVar(§,) = hVar (21: N (Yo = m (X)) <Xth_ C>1D5h_1K (Xthc>)

1,k=0

1 l
h Var (Z (Xth ) K (Xh> (Mo (Y = m (X)) (1= Dy) + (Ao + ) (Vi — m (X)) Dt))

=0

and noting that the two components associated with (1 — D;) and D; are orthogonal leads to

X, — ¢ l1+l2 - X, — ¢
(5102<Xt>Al20<1—Dt>)< T ) hlK? (th>]
11,l12=0

X; — e\t X;—c
(Ao + A1) B (Xe) (Mpo 4 Aip1) Dy ( th > h1K? (th>]
1

= 1@ 3 (Mo @ [ :

l1,lo=0 —oe
1

1@ S Ono+ M) S (€) (o + At) / A2 () du o (1)
11,la=0 0

1

hVar(¢,) = Z E

11,l2=0

1
+ > E

uh e 2 (u) du)

It also follows by the same arguments as in and that

T—J
hY |Cov (61,6145) | = o(1)

=1

It then follows

Th Var ()\ QT — f Z <)‘l102 )\ZQOUI 4y ()‘l10 + )‘l11), xt (C) ()‘l20 + )‘121) UZ+12) :
11 la=0
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By uusing the definitions of Q= and Q7 the result can be expressed in matrix form as
ThVar (Qr) — f(c) (E* ()@ QT +X7 (0)@ Q7).
By the same arguments as in the proof of Theorem 3 of Masry and Fan (1997) it can be shown that
VTh (NQr) =4 N (0, f ()N (B ()@ QT +27 (c) @ Q7) A)
which in turn implies by the Cramer-Wold theorem and the continuous mapping theorem that
VTh ((I ® f(c)”! F*1> QT> Sy N (0, FO B Qe +3 (0@ Q*)) .
Finally, deduce that

VTh (HT vec (ﬂ’ - H') - % (m"~ () @A~ +m"" (c) @ AT) f (c)>

—a N (o, FO ' Bteeat+3 (0@ Q—)) :

Proof of Theorem The result follows directly from Theorem (7} the fact that II = (a,b,0,~)
and that the limting distribution in Theorem [7|is for the parameter vector vec (II'). m
Proof of Theorem The result follows directly from Theorem [7} =
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APPENDIX FIGURES

Figure A-1: Effects on Domestic Interest Rates

(a) Puts - Full Sample (b) Calls - Full Sample

Days after Put Auctions (LLR) Days after Call Auctions (LLR)

The dependent variable is the interbank interest rate, Colombia’s analogue of the federal
funds rate in the US, relative to its level at the time of the auction. The solid curve
presents a series of regression discontinuity estimates implemented using local linear re-
gression of the dependent variable on the running variable using daily data. Dashed
curves display 95% confidence intervals of the estimates.
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Figure A-2: 60 day IRFs of Sterilization Mechanisms

(a) REPOS Full Sample - Put

(b) REPOS Full Sample - Call
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(c) Col Treasuries Full Sample - Put
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(d) Col Treasuries Full Sample - Call
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Days after Call Auctions (LLR)

Panes (a) and (b) show the effects of repurchasing agreements, while Panes (c) and (d)
show the effects of domestic sovereign bonds. All variables measured in billion (109)

pesos.
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Figure A-3: 60 Day Exchange Rate Response

(a) CIP Does Not Hold - Put (b) CIP Does Not Hold - Call
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(c) CIP Holds - Put (d) CIP Holds - Call
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The dependent variable is the log daily average spot rate relative to the log average
spot rate the day before the auction. The solid curve presents a series of regression
discontinuity estimates implemented using local linear regression on daily data. Dashed
curves display 95% confidence intervals of the estimates. We define the time CIP holds
as July 1, 2003 to June 30, 2008 and the time CIP does not hold as all dates before and
after this time period.
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Figure A-4: Ratio of Dollars-Denominated to Peso-Denominated Assets, Top Five Banks, All But For-
wards

(a) Full Sample - Put (b) Full Sample - Call

Days after Put Auctions (LLR) Days after Call Auctions (LLR)

The dependent variable is the ratio of net dollar denominated assets to peso-denominated
government bonds held by Colombia’s 5 largest banks, relative to its value at the time
of the auction. This variable does not include derivatives, i.e. forward contracts. The
solid curve presents a series of regression discontinuity estimates implemented using local
linear regression on daily data. Dashed curves display 95% confidence intervals of the
estimates.
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Figure A-5: Ratio of Dollars-Denominated to Peso-Denominated Assets, Top Five Banks, Including
Forwards

(a) Full Sample - Put (b) Full Sample - Call

-20 a 20 40 60 -20 0 20 40 &0
Days after Put Auctions (LLR) Days after Call Auctions (LLR)

The dependent variable is the ratio of net dollar denominated assets to peso-denominated
government bonds held by Colombia’s 5 largest banks, relative to its value at the time
of the auction. This variable includes derivatives, i.e. forward contracts. The solid
curve presents a series of regression discontinuity estimates implemented using local linear
regression on daily data. Dashed curves display 95% confidence intervals of the estimates.
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Figure A-6: Effects on Net Capital Flows - Domestic Investors

(a) Puts: Net Flows - Full Sample (b) Calls: Net Flows - Full Sample

-400-300-200-100 0 100200 300 400 500 60O

-400-300-200-100 0 100200 300 400 500 GO0

Days after Put Auctions (LLR) Days after Call Auctions (LLR)

The dependent variable is the net capital inflows by domestic investors in the form of loans
since the auction, in millions of dollars. The solid curve presents a series of regression
discontinuity estimates implemented using local linear regression on daily data. Dashed
curves display 95% confidence intervals of the estimates. We define the time CIP holds
as July 1, 2003 to June 30, 2008 and the time CIP does not hold as all dates before and
after this time period.
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Figure A-7: Effects on Net Capital Flows - Foreign Investors

(a) Puts: Net flows - CIP Does Not Hold (b) Calls: Net Flows - CIP Does Not Hold
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(c) Puts: Net flows - CIP Holds (d) Calls: Net Flows - CIP Holds
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(e) Puts: Net Flows - Full Sample (f) Calls: Net Flows - Full Sample
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The dependent variable is cumulative capital inflows by foreign investors in the form of
loans since the auction, in millions of dollars. The solid curve presents a series of regression
discontinuity estimates implemented using local linear regression on daily data. Dashed
curves display 95% confidence intervals of the estimates. We define the time CIP holds
as July 1, 2003 to June 30, 2008 and the time CIP does not hold as all dates before and

after this time period.
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